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Abstract

This dissertation reported an experimental answer to the long-standing question of how
three-dimensionality appears in wall-bounded magnetohydrodynamic flows and presented
also an experimental study on the transition to turbulence in a confined, mostly quasi
two-dimensional flow. Accordingly, it was shown the analysis of a vortex array with
susceptibility to three-dimensionality, enclosed in a cubic container and a mostly, quasi
two-dimensional vortex pair confined by the walls of a shallow, cylindrical container.
Both containers were hermetically filled by a liquid metal fluid and subject to a constant,
homogeneous magnetic field. The flow forcing was made by injecting constant electric
current from one wall that intersects magnetic field lines (Hartmann wall). Flow charac-
teristics and the presence of three-dimensionality were monitored by measuring electric
potentials on either Hartmann walls that confined the liquid metal.

A form of three-dimensionality termed as weak appeared through differential rotation
along the axis of individual vortices, while a strong form manifested itself in vortices
that do not extend from one to the other Hartmann wall. In the cubic container, this
resulted into an array of novel, spectacular flow structures that were both steady and
strongly three-dimensional, and, yielded to a frequency-selective breakdown of quasi two-
dimensionality in chaotic and turbulent flow regimes.

The mostly quasi two-dimensional flow in the shallow, cylindrical container was shown
to undergo a sequence of supercritical bifurcations to turbulence triggered by boundary
layer separations from the circular wall. For very high forcing, the flow reached a tur-
bulent regime where the dissipation increased drastically. This was related to a possible

transition from a laminar to a turbulent Hartmann layer.
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General introduction

When a strong magnetic field is applied to an electrically conducting fluid, inertia in-
duced variations of physical quantities are damped along it by the Lorentz force so that
the flow tends to two-dimensionality ([64]). In such magnetohydrodynamic (MHD) flows
the fluid moves only in the plane orthogonal to the magnetic field, except in thin Hart-
mann boundary layers. Those shape along walls that are transverse to the magnetic
field lines (Hartmann walls) and confine the fluid, thus letting the flow assume a quasi
two-dimensional state. The ”two-dimensionalisation” effect in MHD problems and its
consequences on wall-bounded MHD flows as well as the question how and when these
flows are affected by inertia induced three-dimensionality is of primary importance in a
great varity of fundamental and practical applications:

Fundamentally, this is relevant to other flows with tendency to two-dimensionality, such
as rotating or stratisfied flows like they appear in rather large scales in geophysics and
astrophysics. Tornados for example, are such large scale, almost column-like air rotations
in the atmosphere. Although very devastating, they are spectacluar and interesting flow
structures too. Their appearence triggered by stratifying of cold and dry air above warm
and moist air is a complex process where the propagation of inertial waves along the
tornado’s rotation favours two-dimensionality.

In practical situations like in coolant blankets (or heat exchangers) of fusion reactors
the above fundamental physics of MHD bears critical consequences too. The coolant,
typically liquid lithium, is used to evacuate the heat generated by the nuclear fusion.
A strong, toroidal magnetic field used to confine the electrically conducting deuterium-
tritium plasma also penetrates the blankets so that the coolant flow intrinsically tends to
two-dimensionality. However, to enhance the heat transport and therefore the efficiency
of the energy production process, three-dimensional flows in the coolant are preferable to
two-dimensional ones so that substantial knowledge about these flows is required when
designing effective coolant channels.

Fundamental MHD effects are also important in industrial processes like contineous steel
casting where they help to improve the qualtity of the final good (steel slabs). The steel
solidification starts in so-called moulds where the application of strong magnetic fields is
essential to damp and control the flow of hot, liquid steel precisily. By contrast, at the
process level where steel slabs are solidified from outside, but still liquid inside, magnetic
fields are used to stirr the remaining liquid steel and to favour its homogeneous mixing

before its solidification.

Studying fundamental MHD effects in flows at the laboratory scale therefore helps both

to understand natural large scale phenomena like tornados and to improve MHD appli-



cations in practical situations. In such laboratory scale configurations is the feedback
reaction of the flow onto the imposed magnetic field neglected so that the related non-
dimensional magnetic Reynolds number Rm is smaller than unity (Sec. 1.1). In the frame
of this dissertation we designed and performed two important MHD experiments at the
fundamental level to address the above key issuses. To be more precisly, we study the
transition to turbulence induced by boundary layer separation in quasi two-dimensional
flows in a small scale experiment, and, point out the mechanismus that govern the ap-
pearence of three-dimensionality in wall-bounded MHD flows in both steady and unsteady
flow regimes in a large scale experiment. It should however be stressed that the small
scale experiment has not been designed to discover interesting physical effects a priori,

but to test the elements of the bigger experiment.

To this day, the mechanisms that favour two-dimensionality in MHD flows are fairly
well understood. Most studies of the breakdown of two-dimensionality however have
focused either on strictly two-dimensional vortices [74, 71], or on single vortices or vor-
tex pairs [65, 28]. The mechanisms that ignite three-dimensionality in more complex,
wall-bounded flows, where boundary layers that develop along the walls preclude strict
two-dimensionality, pose an open question. To answer this question we perform the large
scale experiment on the appearance of three-dimensionality. The related initial objectives

and the work plan of this dissertation have been scheduled accordingly:

e Design and test of an purpose-built experiment to study the appearence of three-

dimensionality in MHD flows in the presence of walls

A MHD experiment in the spirit of [62]’s experiment on quasi two-dimensional
turbulence is to design and to built from scratch using sophistacted manufacturing
techniques. The flow forcing is to arrange by injecting DC electric current into
liquid metal, trough a square array of electrodes embedded in one Hartmann wall
[62]. Electric potential is to measure locally on two identical sets of electric po-
tential probes positioned on either Hartmann walls that confine the liquid metal.
Major components of the experimental set-up have to be tested carefully in pre-
experiments, to obtain a high precision flow measurement and flow forcing system
and to select appropriate materials. Furthermore, the experiment should be made
of modular elements, firstly to reduce development costs and time and secondly, to

put experimenter in the position to modify it easily.

e Performance of laboratory experiments

Flows in steady and unsteady regimes are to be generated by varying the inten-

sity and the geometry of the flow forcing as well as the strength of the imposed



magnetic field. Related flow states are to monitor by recording time-series of elec-

tric potentials measuered at either Hartmann walls.

e Signal processing

Quasi two-dimensional and three-dimensional flow states are to identify in steady
and unsteady flow regimes by comparing sets of electric potentials obtained at op-
posite Hartmann walls. When and under which form three-dimensionality appears
in related flows is to determine, and to quantify in the space of non-dimenional
parameters by calculating correlations between pairs of recorded electric potentials

obtained along the same magnetic field line.

The design of this large scale experiment was purposely choosen such that it follows
that of [62] in which a quasi two-dimensional flow was produced by applying a constant
homogeneous magnetic field across a square, shallow container made of electrically in-
sulating walls and filled with liquid metal. Unlike [62]’s earlier experiment though, our
liquid metal container is made not shallow, but cubic to favour the appearance of iner-
tia induced three-dimensionality. In other words it means firstly that, when imposing
strong magnetic fields, it is possible to reproduce some elementary properties of the quasi
two-dimensional flow that [62] observed in his shallow experiment. And secondly, when
imposed magnetic fields are moderate, it allow us to examine the actual limit of quasi

two-dimensionality when three-dimensional inertial effects become more important.

The dissertation is organised in four chapters and corresponding subsequent sections.
In the first part of Chapter 1 we recall the basics of MHD equations and important MHD
results like the effect of the Lorentz force or the properties of the Hartmann layer. The
second part of this chapter is devoted to fundamentals of hydrodynamic (non-MHD) and
MHD turbulence to review some of their major characteristics. The principle of the flow
forcing and the electric potential measurements is presented in Chapter 2. In this chaper
we describe too the contruction elements and the design of our small and large scale ex-
periment. It should however be stressed that this part of the dissertation, though most
time consuming, is descriped rather briefly, in favour of the presentation of our novel
experimental findings discussed in chapter 3 and chapter 4, also published in [28] and
29] respectively. We conclude the manuscript by reviewing and summarising the main

objectives and results of this dissertation.

Lastly we would like to mention some financial aspects related to the development of
both experiments. Experimental costs often increase with experimental precision and re-
liablity, but are of course limited by a certain financial budget. In order not to exceed the

budget limit, but still to obtain excellent experimental data, it was in some cases necessary



to perform intensive negotiations with companies that supplied us with equipment like
the high-precision amplifier system (Sec. 2.2.1). This last remark may not be of scientific
interest, though important in our opinion as it gives small inside in the complexity of

work that we faced when building our experiments.
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Introduction






1. Introduction

1.1. Basic equations

This section is dedicated to the basics of Magnetohydrodynamics (MHD) and provides
the reader with the fundamental equations, characteristic time scales and dimensionless
groups. MHD combines both the field of electrodynamics and the field of fluid mechan-
ics in the sense that the Mazwell’s equations that govern electromagnetic quantities are

applied to a moving liquid conductor with electric conductivity o.

1.1.1. Equations of electromagnetism

Electric conductors used in our experiments are liquid metals with electric conductivity
o of the order of 10° S/m. Values of o of this order imply that displacement currents are

negligible which simplifies the classical Mazwell’s equations. Those are:

Gauss’ law: Free and bound charges in the space generate the electric field E.

v E=" (1.1)

€0

where p, is the electric charge density and ¢, permittivity of free space.

Gauss’ law for magnetism: Magnetic fields B are solenoidal and magnetic monopoles

do not exist.

V-B=0. (1.2)

The Faraday’s law of induction: The electric field E is generated in a conductor either
due to a time varying magnetic field B(¢) or due to the conductor’s motion across the
field B.

0B



The Ampére’s law: The magnetic field B is induced when the electric current with current

density J flows within the conductor.

where 19 = 47 - 1077V s/(Am) is a constant and denotes the permeability of free space.

In addition to the Mazwell equations there are the following important equations:

Charge or electric current conservation: This relation is found when applying V - () to
either side of (1.4) and balances the flux of current density which goes into and out of a

conductor element.

vV.J=0. (1.5)

Ohm’s law: The electric current density in the conductor results from the electric field
E = —V® and the motion of the conductor inside the magnetic field B (V® is the gradient
of the electric potential ¢).

J=0(-V®+uxB). (1.6)
where o is the electric conductivity.

The Lorentz F force: This force acts on the conductor when it is subject to the magnetic

field B and the electric current density J flows inside.
F=JxB. (1.7)

In liquid metal MHD, the Lorentz force is the most important force acting on electric
charges as the electrostatic force or Coulomb force which is related to the electric field E

is negligible (see e.g. [12]).

When taking the curl of Ohm’s law (1.6) and combining it with Ampére’s law (1.4)
and Faraday’s law (1.3) it yields to the advection-diffusion or induction equation for the
magnetic field B. This equation expresses the relation between the velocity u of the
moving electric conductor and B as follows:

%—? =V x (ux B) +\V’B. (1.8)



A = (o)™t is the magnetic diffusivity. When using dimensional analysis one finds that
the first and the second term of (1.8) are of order of BUL™' = Br, ! and BAL™? =
Bt ! respectively. 7, and 7,4 are characteristic time scales for the effect of magnetic field
advection and diffusion respectively for a conductor that moves with a typical velocity U
over a typical distance L. Whether the effect of magnetic field diffusion or advection is
dominant can be estimated by the ratio 7,/7, which is known as the magnetic Reynold’s

number:
Rm = pgoUL. (1.9)

Rm can be also obtained when writing (1.8) in dimensionless form using the scalings
uw'=uUY V' =VL, t* =t(U/L) and B* = BB™'. It yields:

oB*
ot

1
=V* x (u* x B*) + —V*B". 1.1
V* x (u* x B*) + Rmv (1.10)

The significance of Rm becomes even more apparent when considering the induced mag-
netic field b; that Ampére’s law (1.4) relates to the current density J (note that we use

here the specific notation b, instead of the rather general notation B as in (1.4)):
V x b; = pod. (1.11)

Assuming that J was induced inside a moving electric conductor that crosses a constant,
externally imposed magnetic field By it is of the order of v cUBy (1.6). Using this and
applying dimensional analysis to (1.11) it yields:

| S

i b;
“ ugoUBy — 3 = tooUL = Rm. (1.12)
0

h

where b; is a typical value of the induced field b;. The above relations show that Rm may
also be interpreted as the ratio between the strength of the induced magnetic field b; and
the externally imposed, constant magnetic field By.

In liquid metal MHD one usually studies problems where Rm << 1 which implies that
By >> b;. Using the vector identity V x (uxB) = (B-V)u—(u-V)B and B = B +Db; for
the total magnetic field that penetrates the electric conductor (1.10) can be approximated
by:

ob:
ot

1

RmV*Qb;‘. (1.13)

= (B} - V)u' +

This indicates that in the limit of Rm << 1, the induced field b; diffuses inside the

conductor almost instantaneously which justifies the assumption 0;b; = 0, referred to as



[56]’s quasi-static approzimation. Thus, we have:

1

(BO ’ v )u Rm

Vb, (1.14)

The magnetic Reynold’s number can also have values Rm > 1 in liquid metal MHD. Given
that the permeability i is of order «» 107°N/A~% and the conductivity o for a typical
liquid metal is of order «~» 10%(Qm)~! | Rm > 1 when UL > 1m?/s. In this context, the
authors of ([58]) demonstrate a nice experimental work on a rapidly rotating spherical

Couette flow where several types of magneto-inertial waves have been identified.

1.1.2. Equations of low-Rm MHD

In our study we are interested in liquid metal flows with velocity field u that satisfy the

incompressibility condition. This yields to the equation for mass conservation:
V-u=0. (1.15)

The motion of a fluid element that progresses through a fluid with density p and viscosity
v is described by the Navier-Stokes equation. When studying MHD problems, the Lorentz

force J x B affects its motion and has to be included in this equation as follows:

du _ —(u-V)u-— le + vVu + lJ x B+ lG. (1.16)
ot p p p

where Vp is the pressure gradient and G is some externally imposed force which drives

the flow. Using dimensional analysis one finds that the first two terms on the right hand

side of (1.16) are of order of U2L~! = U7 !, the third term of order of UvL~=2 = Ur, ! and

the Lorentz force term of order of UsB?*p™" = Ur; ' (note that U and L is a typical veloc-

ity and distance respectively and recall that J is of the order of « oU B according to (1.6)).

The characteristic time 77 relates to the effect of inertia that causes the advection of a per-
turbation u’ through an initial steady velocity field Uy within the flow field u = Uy + u'.
On the other hand, by the effect of viscosity, u’ diffuses into the flow field in the time 7,.
The relative importance of the two effects is measured by the Reynold’s number Re that

is found, when taking the ratio 7, /7y:

Re = —. (1.17)

v
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The Lorentz force operates at the joule time 7; while competing with inertial forces that
acts at the times scale 7;;. The ratio 7y /7; brings us to another important parameter in
MHD that is referred to as the Stuart number or Interaction parameter N which expresses
as:

oB?L
= i

N (1.18)

Finally, the ratio 7,/7; measures the relative strength of Lorentz to viscous forces as

follows:

= Re N. (1.19)

where Ha is the Hartmann number. Both forces are of the same order of magnitude when
Ha* «~ 1. This provides a length scale §, which is commonly known as a measure of the

Hartmann layer size in liquid metal MHD:

1 Jup L
§= —, /L2 =—. 1.20
BY o Ha ( )

Replacing dimensional quantities in (1.16) by their dimensionless counterparts which are
uw'=uU, V*=VL, t* =t(U/L), B* = BB, p* = p(pU?)~1, J* = J(cUB) ™!, the
Reynolds number Re and the interaction parameter N are recovered in the dimensionless
form of (1.16) as follows:

oI +(u - VH)u* = -Vp* + e

V*u* + N(J* x BY). (1.21)

Combining the vector identity V(B?/2) = (B-V)B+B x V x B with Ampére’s law (1.4)

splits the Lorentz force in (1.16) into a irrotational and a rotational part as follows:
J % B = (B-V)(B/u) — V(B?/21) (1.22)

The irrotational part (second term on the right) can be interpreted as a magnetic pressure.
It adds to the pressure p in (1.16) such that p’ = p + B?/2p. In the limit of magnetic
Reynolds number Rm<< 1 and assuming that G = 0 this yields into a further important

representation of the motion equation (1.16):

1 1
— 4+ (u-Vu=—-—-Vy + vV’u + —(By-V)b;. 1.23
5 ( ) p p Mop( 0-V) (1.23)

11



recalling that By and b; is the externally imposed and induced magnetic field respectively.

The energy equation in MHD is obtained when taking the scalar product of (1.16) with
u. Given that magnetic energy related to the induced magnetic field b; is negligible when

Rm << 1, it reads:

0 [u® 1 1 1J?
—=)=--V- — V- [(zu? V- (®J) - -— —vVu-Vu 1.24
F(5) =29 oW - V- (Gu V@) - 2T - oueva (12
When integrating the above equation over the volume V the first and second term relate
to the rate of transport of energy across the surface that bounds the volume (see [13] for
more details). Both terms vanish if the volume is confined by walls were the velocity is
zero. Likewise disappears the volume integral of pV - (®J) for electric insulating walls.
This implies for the fall of the global mechanical energy in MHD, E:

dE d [ pu®

gV =D, —¢. 1.25

at  dt ), 2 s (1.25)
where D; = [, % dV and € = 2pv [, S;;S;; dV relate to Joule dissipation and viscous

dissipation respectively.
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1.2. Some important results of liquid metal MHD

In this section we present fundamental findings in liquid metal magnetohydrodynamics
(MHD) which are important to this work. We first explain the effect of the Lorentz
force and then describe more specific MHD problems such as the Hartmann layer or the

”two-dimensional” SM&2-model.

1.2.1. Effect of the Lorentz force

The effect of the Lorentz force plays a leading role in liquid metal MHD. It operates over
the joule time 7; = p(6B?)~! and affects a fluid flow in damping velocity variations along
the lines of an imposed magnetic field B. This may be clarified in the following where it

is assumed that that viscous and inertial effects are negligible:
N >>1 and Re >>1 (1.26)

Fig. 1.1 illustrates schematically two adjacent fluid layers, that move one above each other

with velocity difference du along the field B and don not feel the effect of walls. In each

a) L, b) u —_
—_
B e + + " _
u =S B u
- Bk

Figure 1.1.: Effect of the Lorentz force: planar flow a) t =0, b) t < 75, ¢) t > 75

layer, the fluid motion induces an electromotive field u x B proportional to the velocity
(Fig. 1.1a). Accordingly, an horizontal electric potential gradient V® establishes opposing
u x B. To compensate the variation of V& along B, an electric current loop J = ou x B
develops and causes the Lorentz forces F = J x B. As illustrated in Fig. 1.1b the Lorentz
force acts either against or in flow direction smoothing out velocity variations du along
the magnetic field B (Fig. 1.1c¢).

More complicate flow structures like vortices are affected by the Lorentz force likewise.
Velocity variations along B cause poloidal eddy currents densities J as schematically
shown in Fig. 1.2a for one vortex that spins with the velocity u = (0, Uey,0). Assuming
J is invariant along ey and electric current loops exists only in the r-z plane, current
conservation (1.5) implies that J can be expressed by means of a scalar stream function

U, satisfying a Poisson equation (see [12]):

J=VU, xey, VxJ=—(VT)ey. (1.27)

13



b)

a)
J
B l,
B

|,

Figure 1.2.: Effect of the Lorentz force on a vortex. a) t =0, b) t < 7;, ¢) t > 7;

with J = (=90¥/02,0,0¥/0r) and V¥ = 9, J, — 0,.J,. Taking the curl of (1.6) yields to

Ohm’s law in the form:

VxJ=0Vx(uxB)=0¢(B-V)u= UBzg—u. (1.28)
z
This combines with (1.27) into:
Ou
—(V*W))eg = 0 By——. 1.29
(VU,)eg =0 05, (1.29)

and therefore relates the electric current density J to the flow field u. Given that B = Bye,

and using (1.27) yields for the Lorentz force:

1 By 0V,
F=-(VU; x e) x B=""
p p 0z

€yp. (130)

which implies that the Lorentz force acts in azimuthal direction. One way to demonstrate
its influence on the vortex evolution is to consider the vortex as a single Fourier mode in

the Fourier-space. This implies that each quantity u, ¥; and F may be expressed as:
u=10e&**, U, =0, J5*  F =F &k (1.31)

where k = (k,0, k) is the wave vector with the component perpendicular to the magnetic
field B, k, and in the direction of B, k. Both %k, and k) are related to the corresponding
vortex length scales || v 1/kj and [, = 1/k, respectively. Substituting u, ¥, and F in
equations (1.29) and (1.30) by expressions (1.31) leads to:

A . B N
—(k + k)T =oBokyt  and F = 7“@\11. (1.32)
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Combining both expressions in (1.32) yields for the rotational part of the Lorentz force
in Fourier-space:
- chg kﬁ 1

F = P kH u= —;jcos@ﬁ, where 0 = (k, B). (1.33)

The minus sign clearly shows that the Lorentz force damps the vortex. This damping
effect is felt by wave vectors kj as § = 0 but leaves wave vectors k; unaffected as 6 = 7/2.
For the physical space this implies that | = 1/ky increases but [, » 1/k; remains con-

stant. In other words, the vortex elongates along B while its anisotropy increases.

[64] showed further that this phenomena could be interpreted as a pseudo-diffusion of
momentum along the magnetic field lines. Indeed, they showed that the rotational part
of the Lorentz force take the general form (for boundary conditions where the Laplacian

operator is invertible):

F = ——v 2(2;) (1.34)

7j

For an anisotropic vortex such that [j >> 1, the above relation can be approximated:

2
v —+0z%u (1.35)
7j
where —I, /7; is the corresponding diffusion coefficient. Under the sole action of the

Lorentz force F, the velocity field evolves as:

l2
du ~ —=+02 u. (1.36)
T

J
so the vortex elongates according to:

SRy (1.37)

7j

Over time scales 7; < t < 7y with 7y = [ /U, this process is linear as dominated by the
Lorentz force and the length [, can be assumed constant. However, toward the end of
this linear phase when t becomes of the order of 77, non-linear inertial effects are of the
same order like the Lorentz force. Following [64], this implies that the vortex has reached
its "final” anisotropic state that satisfies:

bk e i v = 2804

lL k‘H ,OU

(1.38)
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[67, 68] identified, subsequent to the initially linear phase, a nonlinear phase where a
constant [, is no further valid. Therefore, they define the "true” interaction parameter

N; which measures the current ratio F/(u - V)u. Assuming 0, << 0, this yields to:
O'BglL (ZL>2 (ZL>2
— ] «“N|—] =N, 1.39
pU\ ly t 39

The "true” interaction parameter N, is indeed the relevant parameter that describes the

appearance of three-dimensionality in our large scale experiments (Sec. 4.3). It is built
on a fixed length scale [ which corresponds to the distance L = 0.01m between the two
opposed Hartmann walls (4.3). This implies that vortices with length scales [, and [ = L
are in a quasi two-dimensional state when the related N,(l,, L) >> 1. The corresponding
time scale for the vortex ”two-dimensionalisation”, mop, can be obtained from (1.37) and
reads:

L? U

S 1.40
RPETE TN L) (1.40)

1.2.2. The Hartman layer

The Hartmann boundary layer is one of the most important elements in magnetohydro-
dynamics (MHD). Its existence along walls that are penetrated by a transverse magnetic
field B (Hartmann walls) has been predicted theoretically and characterised experimen-
tally by the pioneering works of [23] and [24] respectively. In this section, we derive the

main properties of the Hartmann layer and briefly discuss its stability.

Properties of the Hartmann layer

Consider the flow along an electrically insulating Hartmann wall of characteristic length
L and penetrated by the magnetic field B = Bye, (Fig. 1.3). Inside the Hartmann layer,
viscous and Lorentz forces are of the same order of magnitude which gives an estimate
for its size & according to § = By (vp/o)/? (1.20 and note that the size of § has been
experimentally verified by [38]).

Assuming that the flow is steady (0;u = 0) and laminar, the three-dimensional velocity

field u within the Hartmann layer expresses as:

u(e,y, ) = u(e,y) £(2). (L41)
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Figure 1.3.: Schematic illustration of the Hartmann layer. It develops along walls that
are orthogonal to the magnetic field B (Hartmann walls).

where f(z) represents both the two-dimensional flow in the core (outside the Hartmann
layer) with the velocity field u®(x,y) and the velocity variations near the Hartmann wall
inside the Hartmann layer. The set of equations (1.15), (1.16), (1.5) and (1.6) describe
the flow. Assuming U{ and W as typical velocities at the edge of the Hartmann layer in

transverse and vertical direction respectively and using (1.15) one finds that:

UC
We L with Ha= ByL,/— (1.42)
Ha pv
The above relation shows that the vertical velocity component is negligible in the limit of
high Ha. When comparing orders of magnitudes of the z-components of the Navier-Stokes

equation (1.16) using the above relation it yields to:

9p _

9, O(max|Ha? Re ™) (1.43)

This implies that in the limit of high Ha= LBy\/c/(pr) and Re= U§ L/v the pressure p
does not vary along the direction of the magnetic field B. Combining Ohm’s law (1.6)

with current conservation (1.5) yields to:
V- J=00+Vid+V:(uxB)=0. (1.44)

where the subscript () here and in the following relates to components in the horizontal
plane. The first term in the above relation is of the order of ©= ®§~2 and the remaining

two terms are both of the same order of = ®(§Ha)~2. This implies that:

1

a
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Integrating (1.45) across the Hartmann layer along e, yields:

Ha Ha

where 0,®|. and 0,9, are the potential gradients at the edge of the Hartmann layer and
at the Hartmann wall respectively. Since the latter is insulating it requires that 9,®|,, = 0
and implies that the electric potential across the Hartmann layer 0,9 does not vary in
the limit of high Ha.

The flow in the Hartmann layer is described by the motion equation (1.16). Assuming
that N >> 1 inertial effects in (1.16) are negligible. Furthermore, because of relations
(1.42), (1.43) and (1.46) one needs to consider only the horizontal components of (1.16).
Using (1.6) and the fact that the Laplace operator V? in the limit of L >> ¢ can be

approximated by 92, the motion equation simplifies into (recall that d;u = 0):

1 1
v u, — %BguL = Vip+ %V@ xB = Gu(ry). (1.47)

The external force G (x,y) could for instance be an horizontally imposed pressure gradi-
ent that drives the flow. All quantities on the right hand side of (1.47) are constant along
e, and can be expressed by just one term D(x,y). This simplifies (1.47) into:

D(x,y)‘

(1.48)

o
2 2
J:u, ——DBju, =
pv

Solving (1.48) and using the boundary conditions u, (z — oc0) =u§ and u; (2 =0) =0

one finds that the velocity field u, inside the Hartmann layer varies according to:

uL(xvy’Z) = Ui_(ﬂf,y) (1 - €_§>7 with lltj_ = _D(Iﬂy)m (149)
0

Substituting u; by (1.49) in Ohm’s law gives the variation of the horizontal component

of the reduced electric current density inside the Hartmann layer, J/¢, as:
Ji*=7J9 —J, = ouf x B(ez), with J{ = —oV® +ouf x B. (1.50)
where J9 denotes the current density outside the layer in the core flow. The term cuq xB

in the equation on the left of (1.50) can also be seen as the electric current density JY

that is found at the wall were z = 0. When integrating (1.50) along e, between z = 0
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and z — oo it yields:

o0

/Jf“dz —u¢ x e, (opr) V2 (1.51)
0

This reveals one important property of the Hartmann layer: it demonstrates that the
electric current per unit length inside the layer is proportional to the velocity field ug
just outside the layer as given by [61] (also e.g. [42]). In other words, there is no fluid

flow in the horizontal plane if no current flows inside the Hartmann layer.

Another important property of the Hartmann layer is found when combining (1.44) with
(1.49) and integrating along e, between the limits z = 0 and z = co. This yields for the

vertical component of the electric current density in the Hartmann layer, J7o:

L o0
JHo = ge_ v = o wiBo + o/(—Vicb + wiBy)dz. (1.52)

0

where w¢ = (V x uf )e, is the vorticity just outside the Hartman layer and J¢ and J¥
relate to the electric current density in the core of the flow and at the Hartmann wall
(z = 0) respectively (note that J¥ # 0 when electric current is injected at the wall (see

e.g. [62, 63])). Electric current conservation implies that:

V2 & = 2weBy. (1.53)
and therefore:
L
JHY = 6 —(°B,. 1.54
: = OqawaBo (1.54)

The above relation shows that J7® is directly related to the rotation w¢ above the Hart-
mann layer. This rotation sets up the electric field V& that drives in the region z < §
an electric current radially inward toward the rotation centre which evolves into J7% as
required by current conservation. In other words, vorticity above the Hartmann layer

"sucks” electric current density out of the Hartmann layer.

Assuming that the flow just outside the Hartmann layer is two-dimensional one may
define u§ = VV¥ x e,. Taking its curl one find that the scalar stream function ¥ satisfies

a Poisson equation:

V20 = —uf, (1.55)
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were w? is the vertical component of the vorticity in the core. When ¥ and ¢ satisfy the
same boundary condition, one may combine (1.53) with the above equation and it yields

to the important relation (see e.g. [30]):

)

V=——
By

(1.56)
This relation is of great importance in experimental MHD as it relates the local measured

electric potential to the corresponding value of the stream function.

Stability of the Hartmann layer

The state of the Hartmann layer, laminar or turbulent, is fundamental in many MHD
flows. If laminar it possesses the properties given in Sec. 1.2.2 and exerts a linear damping
on the flow (see Sec. 1.2.3). However, when the Hartmann layer destabilizes into a
turbulent state both the global electric current circulation and the global damping of the
flow are strongly affected. In other words, the flow may change completely in nature and
intensity. To this end, there has been number of work, both theoretical and experimental,
largely summarised in [70]’s up-to-date review. The main finding was that, in the limit of
high Ha, the destabilisation of the Hartmann layer is controlled by the Reynold’s number
Ry, built on the Hartmann layer size §:
Ud Re

Rh:TZE' (1.57)
Following linear stability analysis, the transition to turbulence in the Hartmann layer oc-
curs at critical values of Ry, (e.g.[36]: Rj « 48250 ) that are several orders of magnitude
greater then those observed in earlier experiments on flow laminarisation in duct flows
(150 < R§ < 250, e.g [8]). [44]’s weakly nonlinear stability analysis shows that the transi-
tion to turbulence is indeed subcritical and therefore, may explain this huge discrepancy

between theory and experiment.

From the experimental point of view, the results of [45]’s more recent work are prob-
ably the most important ones as their experiment has been especially designed to study
the laminar/turbulent transition inside the Hartmann layer. A fluid layer of mercury
subject to a vertical magnetic field and hermetically enclosed in a cylindrical duct was set
in azimuthal motion by radially injected constant electric current. In the laminar regime,
the fraction of injected energy that is passed onto the flow evolves linearly with Ry, but
suddenly decreases when the Hartmann layer becomes turbulent at the critical Rj « 380.

This was also confirmed numerically by [33].
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Lastly, [46] showed that when the fluid rotates above the boundary layer it influences
the instability threshold. In this case one addresses a combined Boedwadt-Hartmann
layer ([11]) rather than a simple Hartmann layer. The former is less stable as inertial ef-
fects inside the boundary layer become important and can trigger the instability at much

lower values of R§ than those found by [45] and [33] for a simple Hartmann layer.

1.2.3. Shallow water liquid metal MHD

Shallow water equations can be used to describe flows where the vertical dimension is
much smaller than the typical horizontal scale and vertical velocities are small. They are
derived by vertically averaging the three-dimensional Nawier-Stokes equation to obtain a
two-dimensional model.

Liquid metal MHD flows too can reach a state where vertical velocities are small and the
flow moves only in the horizontal plane orthogonal to the magnetic field, except in thin
Hartmann layers. For such quasi two-dimensional flows one is also tempted to describe the
flow using two-dimensional dynamics. This is precisely what [64]’s SM82-model achieves
and we shall describe it in this section. Furthermore, we explain the mechanism that
drives a vortical flow in an electrically conducting fluid when electric current is injected
at the physical boundaries. Finally, we briefly refer to the [54]’s PSM-model which is a

refinement of the SM82-model and accounts also for weak 3D effects like Ekman pumping.

The SM82-model [64]

The SM82 model was developed by [64] and is based on averaging the full three-
dimensional motion equation along the magnetic field lines. It results in a ”two-dimensional

model” which delivers quantitatively good predictions for MHD flows where:
N >>1 and Ha>>1 (1.58)

Under these conditions, the effect of the Lorentz force J x B is to instantaneously damp
velocity variations along the field direction B = Bpe, (Sec. 1.2.1), except inside thin
Hartmann layers where the effect of viscosity is of the same order as the Lorentz force
(Sec. 1.2.2).

To recover [64]’s model one may consider the quasi two-dimensional flow in Fig. 1.4
were an incompressible, electrically conducting fluid layer of thickness a is subject to a

transverse uniform magnetic field B and bound by a Hartmann wall on either side. The
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Figure 1.4.: Schematic illustration of a quasi two-dimensional flow. The term ”quasi two-
dimensional” reflects the flow’s invariance everywhere across the fluid layer
along the magnetic field B, except in thin Hartmann layers that develop
along Hartmann walls. Quasi two-dimensional flows can be described by the
SM82-model ([64]). u, is the velocity field spatially averaged along B, u’,
denotes its spatial fluctuations and u“"® is the velocity field in the core flow
outside the Hartmann layers.

flow with the velocity field u = (u,,we,) where w is small when Ha is described by the
set of MHD equations (1.15), (1.16), (1.5) and (1.6). One may further define g as the

z-average of each quantity ¢ as follows:

a

o) = [ ola.y )i

0

which implies that:

9(z,y,2) = glz,y) + ¢ (2,9, 2).
where ¢’ denotes the spatial fluctuation of ¢g from its z-averaged quantity g. The integral
of (1.15) along e, between the two walls expresses as:

a

VL~/uldz+[w}g:O (1.59)
0

where the subscript (), stands for components orthogonal to the magnetic field B. The

non-slip boundary condition requires the velocity to be zero at the walls so it follows from
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the above equation that the averaged velocity field @, is incompressible:
V,-u =0. (1.60)
This further implies that ti; can be expressed by means of a scalar stream function W:
u, =VVU xe,. (1.61)

The integration of (1.16) along the field B yields for the non-linear terms to:

a

[ Vs ) = i - Via) + (el Vi), (1.62)
0

For high values of Ha, the first and second term on the right hand side of the above equa-

Jusere 2 Jusere 2
and « T

as negligible. The integral of the z-component of the viscous term in (1.16) provides in-

tion are of order of

respectively, so the latter can be considered

formation about the back reaction of the Hartmann layer onto the flow. Inside this layer,
the combined effect of viscosity and Lorenz force imposes a friction that linearly brakes

the flow according to:

f H 1
V/@?ZuLdz =vou,|, — vo,u = 2 u, + O(—) (1.63)
a Ha
0
In the present case, the fluid layer is bounded by a Hartmann layer on either side so
n = 2 (n = 1 if the layer has one free surface). The integrals of the other terms in
(1.16) are found readily and one can give the final z-averaged motion equation for the

two-dimensional velocity field u, (x,y,t) as follows:

1 u 1- 1_
E)tﬁL+ﬁL-VLﬁl+—V]§=uViﬁl—u—L+—JL><B+—G. (164)
P ™ P P
with:
2
1
= @] (1.65)

“2wHa 2B\ ov

where 75 is referred to as the Hartmann friction time. One way to generate a fluid motion
is to inject electric current density at the boundaries (e.g. [62, 63, 45]). This yields to the
Lorentz force G = J| x B driving the fluid. It is then customary to replace the Lorentz
force term in (1.64) by a velocity field uy defined as ([55]):

1 _
Bl xe. = Ho (1.66)

TH
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Implementing (1.66) into (1.64) yields:

(wp—1uy)

TH

1
iy +1,-Viu,+-Vp=vViu, + (1.67)
p
where ug /7y is the driving term that arises from current injection and —nu, /75 represents
the linear friction that the Hartmann layer/layers exert on the flow. With the scalings
uw*=ulU"Y, V*=VL, t* =t(U/L) and p* = p(pU?)~! the SM82 model in dimensionless

form is obtained and reads:

k — %k — * =%k k —k ]' k2 =k ]' * — %
atuL+uL‘ J_uJ__va ZQVLQUJ_—FR_h(uO_ul). (168)
with
Re T
R, = — = =, 1.69
4 Ha TU ( )

Ry, is called the Hartmann friction parameter and is equivalent to the Reynold’s number
based on the Ha-layer size . For high Ha, R;, and not Re is the governing parameter that
controls the low dynamics. In other words, Hartmann friction and not viscous friction is
the main cause of energy dissipation in the quasi-two dimensional (q2D) flow, even though

they are of comparable importance in the vicinity of the walls parallel to the magnetic
field.

Electrically driven flows

MHD flows experimentally studied in this work are generated by injecting constant electric
current density J, locally through point electrodes that are embedded in the Hartmann
wall. Following [64], this imprints a vortical motion above each electrode with the velocity
field uy = ugey that is, with respect to (1.66), related to the z-averaged electric current

density J, = J,e, as follows:

aJi = —(ug x e,)\/ovp. (1.70)

A typical radial profile of the azimuthal velocity uy(r) for a steady vortex is illustrated
in Fig. 1.5. It results from the balance between electromagnetic forcing, Hartmann layer

friction and lateral viscous friction.

ug increases in the vortex core in the region (0 < r < ry v Ha '/?) where a viscous
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Figure 1.5.: Typical velocity profile uy(r) of an isolated, electrically driven vortex (see for
instance [63, 54]).

shear layer of typical thickness Ha™'/? occurs due to the electrical nonuniformity at the
boundary wall ([26]). An estimation of the shear layer size d, is found when comparing

the orders of magnitude of the two terms on the right hand side of (1.67):

[vVia.l  vUS? s
oy /ry||  vUHa/a? s

(1.71)

2

Outside the shear layer (in the region r > ry), electric current conservation requires that
the current density J, « 1/r. It follows from (1.70) that uy also declines with 1/r as
illustrated in Fig. 1.5.

According to (1.61) one may now define the scalar ¥, as a stream function for uy such
that uy = V¥, x e.. This combined with (1.70) expresses J| as a gradient of ¥, that,

using the z-averaged current conservation V| -J | = —J,, /a, satisfies a Poisson equation:
aJ, =V Jovp , VU Jovp = —J,. (1.72)

Integrating the above Poisson equation across the vortex core yields:

I oy,

= — . 1.
27r or ove (1.73)

The above relation is equivalent to the radial component of J in (1.72) and can be com-
bined with (1.70). This yields to an expression for the forced velocity ug in the region

r > ro depending on the injected current I and the distance r as follows:

I 1 T
up(l,7) = — =2 (1.74)

o2rr \Jopy T

25



I'y = I/(2m\/opv) is the total circulation induced by the current injection at a single
electrode and reflects the intensity of the forcing. Like the velocity ug = wugyey, it is pro-
portional to the injected electric current I, but does not depend on the strength of the
magnetic field B = Bye,. The Lorentz force however, which is responsible for both the
establishment of two-dimensionality in the core flow and this forcing, does depend on B.
In strictly quasi two dimensional flows, its strength By determines only the amount of
flow dissipation due to Hartmann friction in the Hartmann layer at time scale 74 (1.66).
All electric current flows now inside this very thin boundary layers and is proportional to

the velocity in the core flow, independent of the magnetic field (1.51).

The flow, induced by electric current injection through point electrodes is however never
strictly quasi two-dimensional. This is because of the vortex core just above the electrode
where viscous effects balance the Lorentz force and three-dimensionality is intrinsically
present (Fig. 1.5). It implies that the velocity just outside the vortex core, where r 2 ro,
is equivalent to ug according to (1.74), but can not reach the higher values of ug in regions
where 7 < 7. Since the thickness of the vortex core scales with Ha~'/? (1.71) the forcing
depends on the strength of the magnetic field By, at least in the sense that it determines
the velocity uy at the edge of the vortex core. In other words, the velocity uy outside
the vortex core where the flow is strictly quasi two-dimensional does not depend on Bj.
Experimentally this has been shown by [63] where a steady isolated vortex was produced
in a shallow, horizontal layer of mercury subject to uniform vertical magnetic field.

Lastly it should be noted that when applied magnetic fields are moderate, the flow outside
the vortex core (r 2 1o in Fig. 1.5) may not be strictly quasi two-dimensional anymore but
three-dimensional because of three-dimensional inertial effects. In this case, the velocity
ug is not reached in this region either and the forcing depends too on the coordintate

along the direction of the magnetic field.

The velocity profile of uy, as schematically illustrated in Fig. 1.5, can be obtained by
solving the z-averaged motion equation (1.67). [54] has shown that the resulting profile
does not significantly differ from the three-dimensional solution for large Ha given by [26]

and adapted to the present case by [63].

The PSM model [54]

The SM82 model delivers accurate results in the limit of high values of Ha and N to
a precision of order of max(Ha~?, N~1/2). Even the error because of assimilating the

~1/2 t6 two-dimensional

intrinsically three-dimensional lateral boundary layers of size aHa
ones remains smaller than 10% as demonstrated by [54]. When however the interaction

parameter N becomes moderate [64]’s approach appreciably fails as inertia in the core
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flow and in the Hartmann layer are stronger and 3D effects appear. For instance, strong
fluid rotation above the Hartmann layer triggers a fluid recirculation that is known as

Ekman pumping (Fig. 1.6). More precisely, the rotation with typical velocity U, sets up

u 4B
A — T
| v |YUi | Ekman
a | ¢+ | | pumping
| 2 >.\ ..... 1‘4’ N
Hartmann <+———> Hartmann
wall L layer

Figure 1.6.: Effect of Ekman pumping. Fkman pumping is induced by fluid rotation above
the Hartmann layer when inertial effects in this layer become important.

a radial pressure gradient that is balanced by centrifugal forces outside the Hartmann
layer. But the velocity and therefore the centrifugal forces drops inside the boundary
layer because of viscosity. This implies that the pressure gradient dominates here and
imprints a radial fluid motion of order of v~ U, /N ([43]). In the vicinity of the vortex

axis, mass conservation pushes the fluid upwards with typical velocity U.,:

ULCL

Vs = HaNT .

see e.g. [43]

This fluid gets released at the lateral edges of the vortex and plunges back into the bound-
ary layer as illustrated in (Fig. 1.6) (e.g [28]).

To account for such three-dimensional effects [54] proposes a refinement of the SM82

model which is referred to as the PSM model. It expresses in dimensional form:

;J_'ﬁl_zoa
Oty 4L - Vs oVp— Vi, — P 0 (T a)  va (1.75)
. —_ = U _—— _— e a — . .
tU L 1tuay P p 1ur - Ha? \ 36 % 8t 1 1

where o = 1+ n/Ha and the linear operator Dy, is defined as:

DﬁL :F’—>DﬁlF:(ﬁJ_‘VJ_)F"’(F‘VL)ﬁJ_.
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From these equations [54] obtained an expression for the velocity u, along the magnetic
field lines just at the edge of the Hartmann layer which reads in dimensionless form as

follows:

5 A
6 HaN

Vio-[(aL-V)u, |V, -a;, =0,

Uy =

(1.76)

A is the ratio between length scales parallel and perpendicular to the magnetic field.
When interpreting our experimental results in Sec. 3.2 we benefit from [28]’s numerical
outcomes obtained from simulations of the quasi two-dimensional vortex pair enclosed in

the shallow cylindrical container using the PSM-model.
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1.3. Turbulence

Understanding of turbulence is one of the greatest challenges offered by modern physics.
Although we are here more interested in magnetohydrodynamic (MHD) turbulence where
the effect of the Lorentz force modifies the turbulent behaviour under the condition that
the magnetic Reynolds Rm number is small, we review in this section some major prop-
erties of both hydrodynamic turbulence (non-MHD) and MHD turbulence.

1.3.1. Hydrodynamic turbulence

3D turbulence

Turbulent flows consist of vortex structures, or modes, of different length scales [ and
corresponding wavenumbers k = 1/1 as well as characteristic velocities U;. For the case of
3D isotropic, spatially homogeneous turbulence, energy is injected at the largest turbulent
structures (small k) and passed on cascade-like along the inertial range to the smallest
scales (high k) where it is eventually dissipated due to the effect of viscosity. In this

context, Kolmogorov’s ([31]) theory relies on the assumption that the spectral Power

Density E(k) = de/dk «~ U2l/2 (where e = [ E(k)dk is the kinetic energy of the flow
0

per unit volume) depends on the wavenumber k£ and the average dissipation per unit of

volume € = v||Vu|* «~ v(U;/1)? only, so that:
E(k) = Cre"k”. (1.77)

where C}, is a universal constant (Kolmogorov constant) which is approximately 1.5.
The exponents « and 3 are found when considering the corresponding dimensional units
[E(k)] = m3s™2, [k] = m™! and [¢] = m?s™3. This yields to Kolmogorov’s five-third law
that reads:

E(k) = CLe?* k%3 or B(1) = Crpe®*1P/3. (1.78)

The five-third law implies the large scale vortices (small wavenumbers k) in the energy
spectrum (Fig. 1.10) carry much more kinetic energy in average than small scale vortices
(high wavernumbers k). Furthermore, the energy content of intermediate scales k in the

inertial range is determined by the power law k°/3.

The influence of viscosity on a vortex is measured by the corresponding Reynold’s number
Rey that is built on the vortex velocity U; « v/2E(1)/l « 2C1/*€/311/3 and its length
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scale [. It reads:

1/314/3

Rey = (20)/25 (1.79)

When Rey = 1, viscosity destroys the vortex in one vortex turn-over time 7y = 1/Uj.
This provides an approximation for the smallest scales [ and associated velocity Uk

(Kolomogorov scales):

€

3\ 1/4
Ik = (V—> and Ug = (ve)'/*. see e.g. [34] (1.80)

lx and Uk are related to the corresponding velocity and size of the largest scales, U and

L respectively, by the Reynold’s number built on the largest scales Re = UL /v as follows:

L
i « Re¥*  and UﬂK « Rel/4, (1.81)

2D turbulence

2D turbulence is of fundamental interest because of its unique turbulent phenomena that
are amongst others relevant to flows in the atmospheres, oceans and all rapidly rotating
flows with tendency to two-dimensionality.

In the case of continuously forced 2D turbulence with energy injected at wave number k;,
[32] proposes a double cascade in the energy spectrum E(k) in the limit of large Reynolds
numbers Re. For k& < k; it has been found that kinetic energy U?/2 is transported in
reversed direction from small (high k) to large length scales (small k) so the observation
was given the convenient name inverse energy cascade. Still, as in the 3D case, F(k)
depends on the wavenumber £ as well as the dissipation rate ¢ and dimensional analysis

yields to the same inertial range:
E(k) = Cope®* k™53 see e.g. Fig. 1.7 from [35] (1.82)

In the spectral region & > k;, another cascade-like process has been suggested and
relates to the enstrophy w?/2, which is passed down from large (small k) to small scales
(high k) along the direct enstrophy cascade. The corresponding spectral distribution of
the enstrophy k?E(k) and the energy F(k) is likewise obtained by means of dimensional

analysis and yields:

BEK)=CnPk™ and E(k)=Cn*3k™  see Fig. 1.7 (1.83)
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Figure 1.7.: Double energy cascade in continuously forced two-dimensional turbulence
[32]. Energy E(k) injected at wavenumber k; is transported from small scales
(high wavenumbers k) to large scales (small wavenumbers k) along an inverse
energy cascade according to E(k) « k=5/3 in the region k < k;. In the region
k > k; enstrophy is passed down from large to small scales along the di-
rect enstrophy cascade which corresponds to the spectral energy distribution
according to E(k) «~ k3. Note that the above illustration is taken from [35].

n = v(Vw)? being the dissipation rate of enstrophy (see e.g. [13]).

Experimental evidence for the built up of an inverse energy cascade has been found in
liquid metal experiments ([62] and [17, 18]), in electromagnetically driven flows in stably
stratified layers ([51]) and in flowing soap films ([57]). Amongst those, only [57] clearly
observed the simultaneous existence of inverse energy cascade enstrophy cascade, possibly

because of the high spatial resolution in their experiment.

As in the 3D case, one can find an approximate relation between the smallest and

largest scales. However, in 2D it is based on grounds that the enstrophy is passed down

in a cascade, instead of the energy. Combining the estimate for the vortex velocity,

U(k) «~ \/E(k)k, with (1.83) it yields for the Reynolds number built on the vortex, Rey :
1/3 1/3]-2

Rey = L = (1.84)

vk? v

The smallest vortices get dissipated due to the effect of viscosity during one turnover time.

For these scales it is Rey = 1. This implies for their approximate size 12 and velocity

2D.
U2p,

1/2
14
120 = (W) and U = (n'/31)Y/2 (1.85)

31



Eventually, one finds for the equivalent of (1.81) in two dimensions (e.g. [13]):

L U2D
i Re'/?  and b = Rel/2 (1.86)
K K

where Re is built on the length scale and velocity of the largest scales, L?*P and U?P

respectively.

Apart from such rather heuristic approaches, [14, 48] derive an mathematically exact
lower bound for the smallest length scales [2P (or highest wave number k3’ = 1/13P) in

two-dimensional turbulence expressed in terms of the Grashoff number G as follows:
k2P < cGY3(1 + InG)Y/3 (1.87)

where ¢ is a constant of order 1 and G expresses the ratio between the turbulent forcing

and viscous friction.

1.3.2. Magnetohydrodynamic (MHD) turbulence

3D MHD Turbulence

The effect of the Lorentz force in MHD turbulence influences turbulent flow structures by
promoting their elongation along the magnetic field lines B (Sec. 1.2.1). Depending on
the relative strength of the Lorentz force compared to inertial forces, as measured by the

interaction parameter N, one should distinguish three different cases from here:

a) N>>1

When N >> 1, inertial effects are small compared to the Lorentz force so the equation
of motion can be linearised. Replacing the Lorentz force term in (1.23) by expression
(1.34) and using Fourier transforms one obtains for the inviscid (Re >> 1) and linearised
motion equation:

ou 1 1

— = ——ikp/ — —(cos*0)ut ,where 0= (k,B 1.88

5t = = (cost) (k. B) (1.89)
When taking the scalar product of the above equation with k and using mass conservation
in Fourier space, k - 1 = 0 one finds that the pressure term in (1.88) is zero. This yields

to the exponentially decaying solution for u(k,t) according to:

a(k, t) = tg(k, t) e~ t/7) 050 (1.89)
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Figure 1.8.: Sketch of the Joule cone in Fourier space. 6*(¢) is the half angle of the
Joule cone that progressively opens and separates modes dissipated by Joule
dissipation from those that contain mostly the kinetic energy in a turbulent
MHD flow.

The above equation describes the evolution of one Fourier-mode with wave vector k
that makes the angle 6 with the magnetic field B. For times ¢ = 7; it suggests that
any turbulent mode with the angle § = 0 experiences the strongest damping or Joule
dissipation, regardless its scale. Later on when ¢ > 7;, Fourier-modes for which hold
0 <60 < /2 also get dissipated and toward the end of the linear regime kinetic energy is
contained in modes that satisfy ([66]):

~1/2
|cosf| < (i) (1.90)

7j

In order to separate modes in a turbulent flow that have already lost part of their energy
because of joule dissipation from those which contain mostly the kinetic energy in the
Fourier-space, [41, 42] introduce the weighted and time dependent angle 6*(t). 6*(¢)

measures the half angle of the so called Joule cone (Fig. 1.8) and satisfies:

lcost" (£)] (i) o (1.91)

7j
In fact, 6*(t) marks the "edge” of the Joule cone that appreciably opens when time evolves
Accordingly, the aspect ratio of each vortical structure grows at the rate (1.37) and the
turbulent flow becomes anisotropic. It should be also noticed that wave vectors with
0 = 7/2 remain totally unaffected by Joule dissipation. This further implies that the
perpendicular length scales, [, = 1/k; can be taken as approximately invariant in this

linear regime.

When studying turbulent flows in MHD one must distinguished between freely decay-

ing and forced turbulence.
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[39]’s earlier analytical work on freely decaying turbulence shows that the initially isotropic
turbulent flow rapidly evolves into strong anisotropy in the linear phase where 7; <t < 7y,
after a sudden magnetic field B has been imposed at ¢ = 0. Furthermore, [39] demon-

strates that the global kinetic energy e of the turbulence decays as:

¢y (i) o (1.92)

7j

It has been also predicted that the velocity component parallel to the field B carries more
kinetic energy than the one in the transverse plane, though both are still of the same
order of magnitude. This result and the establishment of anisotropy have been later con-

firmed by [59]’s numerical and [4]’s experimental work on freely decaying MHD turbulence.

[74] numerically studies the evolution of an isotropic but forced homogeneous turbulence
in a periodic box where the effect of physical walls onto the turbulence is excluded from the
numerical simulations.For large interaction parameters such as N = 10, the flow rapidly
transforms into a quasi two-dimensional state with a level of anisotropy approximately
equal at all scales in the inertial range of the energy spectra. Furthermore, over about
the first few joule times, [74] observed a stronger increase of the parallel velocity com-

ponent which is in accordance with [39, 59, 4]’s observations in freely decaying turbulence.

b) N=1

When N « 1, MHD turbulence shows the most complex behaviour. For freely decaying
turbulence, this condition marks the end of the linear phase where the Joule cone has
already sufficiently opened (6*(t) close to m/2) and the only part in the spectra that con-
tains kinetic energy of the flow is located outside the Joule cone in modes with angles
satisfying (1.90). Energy is now continuously “removed” from this region and transfered
into the Joule cone at its edge (6*(t)) to compensate Joule dissipation induced by current
eddies at the vortice’s extremities (Fig. 1.9). In short, a "quasi-steady” equilibrium has
been established ([4]).

The global time scales, the inertial time 7/ (t) = % and the Joule time 7;, are of the
same order of magnitude in this state which suggests a decay law for the global kinetic

energy e of the turbulent flow according to:
e U? ~ L*t72 (1.93)

This law could be reasonably well confirmed by [4]’s measurements where the kinetic

energy was found to follow a ¢t~!7 decay.

Locally, in the spectral vicinity of the wave vector k, the ”quasi-steady” equilibrium
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Figure 1.9.: Sketch of the Joule cone in Fourier space in a quasi-steady equilibrium state
where energy is transfered from energy-containing modes into the Joule cone
at its edge, to compensate Joule dissipation induced by current eddies at the
vortice’s extremities ([4]).
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Figure 1.10.: Characteristic of the energy spectrum E(k) in hydrodynamic and magne-
tohydrodynamic (MHD) turbulence. Turbulent eddies in MHD turbulence
experience additional joule dissipation. This results in a steeper decay in
the energy spectrum E(k) as in hydrodynamic turbulence.

requires the equality of the energy transfer time (U(k)k)~' and the Joule time 7; « ¢.
Assuming that both time scales are k-independent it yields to the following decay law for

the energy spectra E(k):
E(k) =k—t? (1.94)

The experimental proof of the k=2 spectra for freely decaying turbulence is given by [4].
In this context one should stress that in [4]’s experiment the turbulence is far from being
two-dimensional and, therefore, the measured k= spectra has nothing in common with
the enstrophy cascade predicted by [6] for two-dimensional turbulence. The steeper slope
in the energy spectra E(k) in comparison with the =% decay in classic hydrodynamic

turbulence relates to the additional Joule dissipation that acts at all scales (Fig. 1.10).
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[74]’s direct numerical simulations on forced turbulence revealed another effect when
N = 1. For N = 0.4, they reported intermittent behaviour consisting of quasi-two-
dimensionality flow states that persists for several times 7¢;, but then become interrupted
by strongly three-dimensional regimes. This effect however has never been observed else-
where than in numerical simulations with boundaries where no dissipation occurs (periodic

or free-slip boundary condition).
Smallest scales for regimes where N > 1 (see [53])

The smallest vortex scales in MHD turbulence, l% (or highest wave numbers k:;g =1/ l%)
are like in hydrodynamic turbulence determined by the balance between inertia and vis-
cosity. They dissipate over one turn over and mark the end of the energy spectrum E(k).
Considering scales in the transverse plane this implies for the Reynolds number based on
a vortex, Rey:

M M M
w, (I, )l
Rey = J_K( J_K) Lr _q

v

(1.95)

Following the usual assumption that anisotropy is scale-independent (e.g. [4]), the con-

dition (1.37) applies also to the smallest scales. This combined with (1.95) yields to

([53]):

l]w H
a
1K

where L is a typical length scale of the largest scales. Following [53], the corresponding
smallest scales in the transverse plane, lfK, and along the magnetic field B, lﬁWK, can be

obtained when using again (1.37) as well as the ratio Ha?/Re = N. They satisfy:

L L

— v Re? and — v Re (1.97)
l [ Ha

LK llx

The Reynolds number Re in (1.97) is built on a typical large scale velocity U and large
scale length L. It should be noticed that lﬁ; increases with the magnetic field B while
lfK does not depend on it. This goes along with the argument that transverse scales are
not affected by the magnetic field and might also explain why lfK is of the same order as

12P in 2D turbulence.

c) N<1
When N < 1, inertial effects are strong and the joule cone has no time to open. In short,

electromagnetic effects are negligible. As consequence, [74]’s numerical simulations on
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forced MHD turbulence show that the flow remains in the 3D isotropic state as in hydro-
dynamic turbulence. In the experiment of [4] on freely decaying turbulence, the authors

also measured the related k=% spectra.

Quasi-2D MHD turbulence

When N >> 1, 3D MHD turbulence is strongly anisotropic and can become classical
two-dimensional turbulence if "put” between two transverse planes ([64]). In this case,
turbulence features the properties given in Sec. 1.3.1. However, when the two planes are
solid walls, velocity variations can not vanish in their vicinity because of the Hartmann
layer (Sec. 1.2.2). In other words, the flow is quasi two-dimensional and can be described
by [64]’s model (Sec. 1.2.3). [64] further shows that quasi two-dimensional turbulence
may still feature the properties of classical two-dimensional turbulence, but certain con-

ditions are required which we shall present thereafter.

A vortex can become quasi two-dimensional when its characteristic time for two- di-

mensionalisation 7p = 77(L/l1)? is much smaller than its turnover time 7y = 1, /U(l.)

(Sec. 1.2.1 and recall that L is the space between the solid walls and [, the length scale of

the vortex perpendicular to the magnetic field B = Bye,.) This suggests an estimate for

. . . . . . q2D

a minimum quasi two-dimensional vortex scale in a turbulent flow, {7 (or wavenumber

k7" as follows ([64, 43]):
q2D ].

B2L
I~ Ss L NY3 with N = 220
bR " p UL

(1.98)

When the imposed magnetic field Bye., is strong enough and all vortices satisfy the above
condition the turbulent flow is quasi two-dimensional. This further implies that the dy-
namic of this flow is controlled by the ratio 75/7y = Rj, (Sec. 1.2.3) and two different

cases should be distinguished from here .

Case 1: 7y << 7y

When 7y << 71y, Hartmann friction is weak. From this condition one can derive an
estimate for the maximum vortex size, L" (or minimum wavenumber K in the E(k)-
spectrum), that is not dissipated during one vortex turn over time 7. Following [64], it

reads:

a 1 Ha L . U(l)L
L% o[22 = 2 With Re=
LT K Re R, ¢ >

(1.99)
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In [62, 18]’s experiment on two-dimensional turbulence conditions (1.98) and (1.99) are
satisfied for a large range of wave numbers k; < k; (recalling that k; is the forcing scale,
Sec. 1.3.1). Therefore, classical two-dimensional turbulence as studied by [32, 6] and

characterised by an inverse energy cascade with the typical k=% law has been observed.

Case 2: 7y >> 7g

When 1y >> 75 however, a significant part of energy is withdrawn from each turbulent
scale [, (or k) because of strong Hartmann friction inside the Hartmann layer. In this
context, [3, 37)’s experimental studies on quasi two-dimensional MHD turbulent shear
layers reported a k~3 spectrum like in homogeneous three-dimensional MHD turbulence

(Sec. 1.3.2). The authors thought that this may point to a quasi-steady equilibrium at

angular
B energy transfer

Figure 1.11.: [64]’s sketch of the Joule cone in Fourier space for turbulent, magnetohy-
drodynamic flows bounded by Hartmann walls with a discrete spectrum for
parallel wave numbers .

each k; between local inertial energy transfer and Hartmann friction. One may also

. . . . . . . . 2D
imagine that in this regime turbulence is made of vortices with wavenumbers K|

In other words, all scales k;, < KfD are already dissipated and an inverse energy cascade

with the £~%/3 law can not exist.

Another important property of MHD turbulence between walls results from the Hart-
mann wall boundary condition J-n = 0. [64] shows that because of this the local
vorticity just at the edge of the Hartmann layer, w¢, satisfies:

ows a 1
2 =2 —Viw = 1.1
P o V1w O( ) (1.100)

Ha

It follows that w¢ varies Ha times less along the magnetic field B than in the transverse

plane. This result is of crucial importance as it indicates that the vortex axis in the
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vicinity of the Hartmann walls is parallel to B and vortex inclinations are possible only
further out in the core flow ([64, 43]). Moreover, [64] reported that the spectrum of
parallel wave numbers k) should be discrete which implies that angular energy transfer
(due to inertial effects) from energy containing vortices to the Joule dissipation zone can

only happen at these discrete levels (thick black lines in Fig. 1.11).
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Chapter 2

Experimental setups
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2. Experimental setups

In this chapter we describe two different experiments that we built from scratch in the
frame of this work and over a period of about three years. The smaller one of these
two experiments is on an electrically driven, mostly quasi two-dimensional vortex pair
confined by the walls of a cylindrical container and we study the transition to turbulence
induced by boundary layer separation. The larger experiment is on a square array of
vortices enclosed in a cubic container and we study their breakdown to weak and strong
three-dimensionality.

The cylindrical and the cubic container have electrically insulating walls and are her-
metically filled with an electrically conducting fluid, in particular with a liquid metal.
Both containers are placed in a uniform DC magnetic field Bpe, such that the liquid
metal is confined between two corresponding Hartmann walls. Firstly, we present those
features which both experiments have in common like for instance construction elements
and measurement techniques and, secondly, describe the set-up of each experiment in

more details.

2.1. Construction elements

In this section we specify the liquid metal as well as the magnetic systems that we use in

our experiments and explain how we organise the flow forcing.

2.1.1. Choice of liquid metal

The eutectic alloys Galinstan and GalnSn are both made from Gallium, Indium and
Tin and exhibit properties that are most appropriate in our experiments (Table 2.1).
Firstly, these alloys are liquid at temperature 6, < 20 C°. This property favours them
against other metals like Gallium, Lithium and Sodium as experiments can be performed
under room temperature and experimental costs can be saved. Secondly, although heavy
metals, Galinstan and GalnSn are non-acute-toxic materials. Unlike mercury, their vapour
pressure is very low so the amount of toxic vapourized metal that one might inhale and
which could cause serious health problems remains negligible. Thirdly, the Galinstan and
GalnSn are less reactive to other chemical elements than the eutectic alloy NaK (note

that NaK is made from Sodium and Potassium). Nak for instance reacts with water to
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form hydrogen which quickly inflames when getting in contact with oxygen.

Lastly one should note that the density p, the electric conductivity o and the viscosity v of
Galinstan and GalnSn allows us to observe weak as well as strong electromagnetic effects
depending on the strength of the imposed magnetic field B = Bye, and geometrical
dimensions L (corresponding values of Joule time 7; = 0B§/p and Hartmann number
Ha= LBy(c/(pr)~'/?) are given in Table 2.1). In this context, weak (large 7;, small Ha)
means that corresponding MHD flows have the tendency to be rather three-dimensional
while strong electromagnetic effects (small 7;, high Ha) intrinsically favour their two-
dimensionality. This is indeed of particular importance to this work as we are mostly
interested in the physical mechanism that governs the transition between two-dimensional

and three-dimensional flow regimes.

Table 2.1.: Physical properties of different electric conductors and related characteristic
joule times 7; = p/(0B2) as well as Hartmann numbers Ha= LBy(a /(pv))Y/2.
Values of 7; and Ha are given for magnetic field strengths By € {0.1,5}T and
length scale L = 0.1m which are typical values in our experiments.
Note that Galinstan can be obtained from Geratherm (Geschwenda/Germany)
and GalnSn termed as MCP11 can be purchased from HEK GmbH

(Litbeck/Germany).
liquid melt. Temp. | density elect. viscosity joule time Hartmann
metal Temp. 0, 0 p cond. o v T number Ha
(C°] [C°] [kg/m®] [S/m] [m®/s] [s]

0.1T 5T 0.1T 5T
Galinstan -19 20 6440 2.3x108 4x1077 0.28 | 1.1x107% | 300 | 1.5x10%
GalnSn 10.7 20 6400 3.4x10° 4x10~7 | 0.19 | 7.5x107° | 360 | 1.8x10%
Mercury -38.8 20 13546 | 1.04x10° | 1.14x1077 | 1.3 | 5.2x107™* | 260 | 1.3x10%
NaK -11 100 847 2.88%x10% | 5531077 | 0.03 | 1.2x107° | 784 | 3.9x10*
Gallium 29.8 30 6093 3.85x10°% | 3.1x1077 | 0.16 | 6.3x107° | 450 | 2.2x10%
Lithium 180 300 500 3.34x10° 9%x10~7 0.02 | 3.9x107¢ | 874 | 4.4x10*
Sodium 98 130 922 9.34x10°% | 6.5x1077 | 0.01 | 5.8x107% | 1250 | 6.3x10*
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2.1.2. Magnetic field systems

a) b) cryocooler with  coil made of
moving element superconducting

tildable / material

/

]
\l B
1
slideable A AT AY
plate P - A
(. H :
A e bore
ermanent AR IEJY z diameter
P I e s 300 mm
U magnets Voo :
[] Z e e T Rk | v
] H ) F
b
I
120 mm JI vaccum
d /
- /
1% /
- P 400 mm
By € [0.09T..0.24T] By [0T.5T]

Figure 2.1.: Magnet systems: (a) different magnetic field strengths B, are obtained by
changing the gap width between two sets of identical permanent magnets
facing each other. (b) different magnetic field strengths By are adjusted by
varying the amount of constant electric current circulating through the coil
made of superconducting material. Note that the cryocooler is a SUMITOMO
RDK-408D 4K cold head which is connected to a CSW-71D compressor unit.

Both experiments, in particular the liquid metal filled containers, are subject to a constant
magnetic field that is either generated by permanent magnets (Fig. 2.1a) or by a super-
conducting magnet (Fig. 2.1b). In the former case, two sets of 6 identical permanent
neodymium-magnets are mounted on two iron plates facing each other. The magnetic
field is generated in the gap between the two magnet sets and magnetic field strengths of
By € [0.09..0.24]T can be adjusted by moving on of the iron plates (Fig. 2.1a). The liquid
metal filled container is placed inside a volume of size 40 x 40 x 5 mm? located in the
centre of the x,y-plane with maximum deviations of the magnetic field be, of 5% along
é,, 3% along &, and 1 % along é,.

Magnetic field strengths By up to 5T and over a larger volume have been obtained thanks
to a Cryogen-Free magnet (CFM) installed at the Ilmenau University. The magnetic field
is generated within the bore of a superconducting coil through which constant electric
current circulates almost loss-free. The bore diameter and length are 300mm and 400mm
respectively as shown Fig. 2.1b and the magnetic field has a maximal deviation be, of 3%

along &, €, and &, over a domain of size 100 x 100 x 100mm? located in the bore centre.
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A helium-cooled mechanical 4K cryocooler (Fig. 2.1) brings the coil temperature down
to 4K which is essential to make the coil material superconducting and almost loss-free.
A power supply system feeds the coil with DC electric current according to the required
magnetic field strength. Once the current is set, the power supply is disconnected from
the supra-conducting coil, thus avoiding any regulation-induced ripple in the field. In this
so-called persistent mode, the slow-going decrease of the magnetic field due to the slight
rest-dissipation of the electric current circulating inside the superconducting coil is not

measurable at the timescale of the experiment.

50 : : : : 10
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° o ?
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% 4 6 10 10, 10 20 30 40 50
time [s] frequency [Hz]

Figure 2.2.: Example of a noise contaminated signal (left) and corresponding spectrum
(right) induced by the mechanical motion of the cold head attached to the
superconducting magnet.

In order to keep the coil temperature constant at 4K the cooling system is supposed to
work continuously by default. However, the motion of mechanical parts induces additional
high-amplitude electromagnetic noise of about 1Hz and subsequent vibrations (Fig. 2.2)
that contaminates the useful frequency components (typically in the range [0, 35]Hz) and
spoils experimental data. The only way out of this was to switch off the cooling system
when recording signals. This however limited us in recording time to at most Hmin as the

electric current inside the coil dissipates when the temperature reaches values > 12K.

2.1.3. Flow forcing - constant electric current injection

The flow in both experiments is driven by injecting constant electric current I through
electrodes that are embedded in one of the Hartmann walls. The electrodes are mounted
flush with the inner wall of the fluid container at their end that is in contact with the
liquid metal and are connected to a well regulated DC power supply at the other end. As

demonstrated in Sec. 1.2.3, such a forcing creates fluid rotation above each electrode.
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Preliminary considerations

a) Choice of electrode material

The intensity of the forcing I is determined by the total electric resistance R,y = Ry +
R. 4+ Rpy. This is shown by the simplified electric circuit in Fig. 2.3 where R,, is the
resistance of the electrically conducting copper wires that connect the electrodes to the
power supply, R. is the contact resistance between the electrodes surface and the liquid

metal and Ry ), is the resistance of the liquid metal. The electric resistances R,, and Ry,

I A

DC power supply

Figure 2.3.: Simplified electric circuit for flow forcing through one electric current injection
electrode. R, is the electric resistance of the copper wires in the electric
circuit and R, measures the contact resistance between injection electrode
and liquid metal. The electric resistance of the latter is Ry;. Note that the
DC power supply was either a Toellner 8852-16 or an EA-PSI 9080-300 6HE
19”.

are almost constant and of the order of a few mf2 in our experiments. R, however is sub-
ject to fluctuations that can be either of the same order of magnitude as those of R,, and
Ry or much higher depending on the electrode material. This makes the electric current
forcing less precise and can also lead to overheating which destroys the experiment. In
order to keep these effects down to a minimum by the choice of the electrode material we
performed a small experimental test as shown in Fig. 2.4. In this test we measured the
contact resistance for both copper and CrNi electrodes embedded in the bottom wall of
a cylindrical Plexiglas container filled with GaInSn (Table 2.1). It was found that using
copper electrodes in our experiments would be best as corresponding values of measured
contact resistance R, and temperature were much smaller compared with those obtained
for CrNi electrodes, for all values of the electric current injected through the electrodes
(Table 2.2 and Fig. 2.5). It has however been observed that the electric contact between
electrode and liquid metal can also change erratically sometimes, even for copper elec-
trodes. This probably occurs because of liquid metal oxide particles that settle down onto
the electrode contact surface. This effect causes a sudden change of the contact resistance

R, which can be of the order of a few m() and therefore drastically affect the forcing in

47



liguid meta I!

A

4 N

Plexiglas

4®7

container
\tested

Thermocouple
t_,_,_,// p

_Electrolyte

electrodes

Figure 2.4.: Schematic representation of the experimental set-up to measure the contact
resistance between the liquid metal and metallic electrodes made either from
copper or CrNi. The contact resistance was obtained by injecting constant
electric current through the metallic electrodes and measuring the related

voltage drop.

Table 2.2.: Contact resistance and measured temperatures for copper and CrNi electrodes
for two different injected electric currents

copper CrNi
I'[A] | (R.(t)) [mQ] | Temperature [° C] | (R.(t)) [m€] | Temperature [° C]
1 3.4 22.5 270 26.9
5 4.7 25 110 70.6

the experiments.

b) Minimizing of the influence of erratic changes in R.

The flow in our experiments is forced by injecting constant electric current through

n injection electrodes with n € {1,2,3,..,100}, were n, electrodes are connected to the

positive and n,, = n — n, to the negative pole of the DC power supply. Particular em-

phasis is put to obtain a uniform forcing which implies that n, = n,, so each electrode

should conduct the same amount of current into or out of the liquid metal, depending on

its polarisation, either positive or negative.

For n, = n,, =1, the total current I flows through both electrodes in equal measure and

fluctuations or erratic changes of the contact resistance R, are compensated by the related
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Figure 2.5.: Measured contact resistance between liquid metal and injection electrodes
for both copper and CrNi electrodes and different injected electric currents 1.
Left: related voltage drop U.(I) over the contact surface. Right: Temperature
0(I) near the contact surface. Note that both the CrNi and the copper elec-
trodes exhibit the same roughness at the interface between electrode surface
and liquid metal.

Figure 2.6.: Equivalent electric circuits for electric current forcing through n = 4 injection
electrodes (note that n, = n,, = 2). a) non-uniform forcing induced by local
variations of the contact resistance R, (I # Iy # I3 # 1). b) uniform forcing
as controlled by constant electric resistances Roq >> R. (I} = I, = I3 = I,).

voltage drop over the power supply system which works in the ”constant current” mode
(Fig. 2.3). When however n, = n,, > 1, I splits into sub-currents Iy 5 ,}, each of inten-
sity that is controlled by R, in the corresponding electric path as shown in Fig. 2.6a for

n, = n,, = 2. Local erratic variations of R, can now no further be compensated by the DC

p
power supply as it adjusts the voltage drop only over the total resistance Ry, (Fig. 2.6a).
This leads to an irregular distribution of electric current and to an ill-controlled forcing.

In order to avoid this effect in the experiment, each electric path has been extended by a
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constant, ohmic resistance of Ryq = 2Q + 0.25% (Fig. 2.6b, SRT REA 6402R+ 0.25% /
100 W). Since Raq is at least two orders of magnitudes higher than any other resistance
in each electric cicuit it determines the electric current passing through each electrode.
In other words, implementing resistances Rsq makes the electric forcing uniform. The
uniformity of the forcing in the experiments is verified by monitoring the voltage Usq
over resistances Ry (Fig. 2.6b). The corresponding electric current passing through each

electrode is then determined by local ratios Usqg/Ragq.
¢) Geometry of the flow forcing
To allow for different forcing geometries in the experiments where n, = n,, > 1 we put in

each electric circuit a switcher that connects corresponding electrodes either to the posi-

tive or negative pole of the DC power supply. An example is again shown schematically

switcher

Figure 2.7.: Variability of the flow forcing geometry. Each electric circuit contains a
switcher that connects electrodes to either the positive (n,) or negative (n,,)
pole of the DC power supply. The above example shows a uniform forcing
with n, = n,, = 2.

for n, = n,, = 2 in Fig. 2.7. The electric current enters the fluid through those electrodes
that are connected to the positive pole, then crosses the liquid metal of resistance Ry,

and leaves the container through the electrodes with negative polarisation.

Current switchboard system

The current switchboard system has been built from scratch too and is used for exper-
iments where 2 < n < 100. It should provide a uniform forcing for different forcing

geometries.
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a) Design

The current switchboard system is made using the elements described in Sec. 2.1.3. This
implies that all electric circuits that are connected to the electrodes include a Ry re-
sistance and a switcher. Each R, resistance takes a maximal power of P,,,, = 100W
and needs to be continuously cooled to avoid its overheating and destruction (note that
this specification also limits the injected electric current per electrode to the value of
\/m ). To this end, all Ryq resistances are mounted in groups of 10 to the left
and right hand side of heat sinks made of aluminum cooling plates. These plates evacuate

the heat generated by the Ry resistances into streaming cold water (Fig. 2.8). According

A%i electrically
P 1 g +<— connected
i th2,.n} to the power supply A-A
N I I N I I I n I I n [
| — I | — I I | | — l g 118
o o o -] |Q |le -] o ] |O
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(-] (] (] o : [+] {+] (] = {=] {=]
1 1 1 —— ' 1 — 1 [ 2]
A : electrically aluminium  tubes with
T connected cooling flowing
! to the electrodes plate cold water

Figure 2.8.: Cooling of Rsq-resistances. Example of one aluminum cooling plate with 10
resistances Ron mounted to either of its sides. The plate acts as a heat sink
that evacuates the heat generated by the resistance Ry into flowing cold
water.

to the number of 100 maximum connected electrodes, the switchboard system contains
10 of such sets in total. They are arranged in a square lattice of 10 x 10 Ry resistances
as illustrated in Fig. 2.9. The switchboard shown in Fig. 2.9 is mounted above the Rsq
resistances. It contains a square array of 10 x 10 black connectors that are plugged into
a MDF panel and that are electrically connected to corresponding R resistances po-
sitioned just underneath. Further 100 blue (resp. 100 red connectors) are inserted into
the plate on either sides to the black ones and screwed in below copper bars that are
connected to the positive (resp. negative) pole of the DC power supply (Fig. 2.9). Now,
whether a single electrode is positive or negative polarised depends on the connection of
7its” Raq resistance to either a blue or a red connector on the MDF panel (note that in
Fig. 2.9, this connection is made by black U-shaped connectors, however other connectors
are indeed used in the experiment). The final current switchboard system as it is used
in the laboratory is displayed in Fig. 2.10 (note that black cables are electrically linked
to Ry resistances and conduct the electric current to corresponding electrodes in the

experiments ).
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aluminium cooling plate ~ Raq resistance

electrigHVy
connected
to the electrodes

Figure 2.9.: Design of the switchboard. All electric current injection electrodes are elec-
trically connected to one side of the 10 x 10 lattice made of black female-
connectors plugged into the board. At the other side, also black but U-shaped
male-connectors (switchers) contact them further to either the positive (resp.
negative) pole of the DC power supply when connected to the blue (resp.
red) female-connectors. Note that the above switchboard connections show
the configuration that we use to create a flow forcing through an array of
4 x 4 injection electrodes.

b) Verification of uniform current distribution

In order to check the precision of the electric current switchboard system it was con-
nected to a square lattice of 10 x 10 copper electrodes soldered into a copper plate of
size 20 x 20cm and thickness 0.5cm (electrode diameter d, = 2mm, lattice spacing 2cm).
All 100 electrodes were alternatively connected to the positive or negative pole of the DC
power supply so that the electric current should be homogeneously distributed inside the
copper plate (n, = n,,). The power supply fed the entire electric circuit with I = 50A
to obtain electric currents of I/n, = I/n,, = 1A per electrode. Measurements of voltage
drops over corresponding Rsq resistances have shown that the current switchboard system

distributes the electric current uniformly to a precision of 0.5%.
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Figure 2.10.: Electric current switchboard system. Switchboard and cooling plates with
resistances R = 2() are hold by a rectangular wooden box that is equipped
with wheels at the bottom which allows us to move it easily. One should
notice that our current switchboard system can be used in any other MHD
experiment where the flow is electrically driven and a precise control of the
forcing is required. Note that the distribution of the electric current is con-
trolled by monitoring the voltage drop over each Rpq-resistance (Sec. 2.1.3)
using a Keithley 2701 data logging system.
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2.2. Measurement techniques

In this section we firstly describe the set-up of the measurement system which is based
on local measurements of the electric potential. Secondly we specify the conditions under
which the velocity field just outside the Hartmann layer can be obtained from the electric
potential measured at walls orthogonal to the imposed magnetic field (Hartmann wall)
and explain how those measurements help us to identify and quantify the presence of
three-dimensionality in the flow. Lastly we briefly mention the information one may draw

from electric potentials obtained at walls parallel to the magnetic field.

2.2.1. Set-up of the electric potential measurement system

The electric potential ¢ is measured locally on electric potential probes that are embedded
in each of the walls confining the liquid metal filled container as schematically shown in
Fig. 2.11a. These walls are electronic boards of thickness 1 — 2mm and consist of either
fiber-reinforced epoxy FR4 or Roger RO4003C material. They exhibit small holes with
diameter 0.2mm where corresponding electric potential probes made from thin copper
wires are soldered in. Again, we use copper as potential probe material to provide good
electrical contact to the liquid metal.

All electric potential probes are made flush with that surface of the wall which contacts
the liquid metal. In short, electric potentials are measured at the flow boundaries, thus
non-intrusively. Printed electric circuits at the back side of each electronic board (illus-
trated thereafter in Sec. 2.4 and Sec. 2.5.1) convey all signals to connectors and further
to corresponding channels of a 736-channel, single-ended and high precision, amplifier
system shown on Fig. 2.11a and Fig. 2.11b. In this context, single-ended means that
each electric potential is measured with respect to a reference potential which needs to be
defined at one point somewhere at the edge of the liquid metal flow, for instance at one
of the electric potential probes as shown in Fig. 2.11. This also implies that local electric
potentials ¢ are indeed electric potential differences. Such signals can be of order of 10V
so they require amplification. For this reason, each channel of the measurement system
contains a low-noise amplifier with gain factor 111 as well as a 24 bit A/D converter
that digitises the signal before transmitting it to the PC where a MATLAB/SIMULINK
software module controls the signal recording (Fig. 2.11). A low pass filter with cut-off
frequency of 45 Hz is used to attenuate the background electronic noise of 50Hz and
other high-frequency components induced by electronic equipment in the proximity of
the experiments. The cut-off frequency is kept sufficiently high so that the frequencies
relevant to the flow, typically in the range [0..35] Hz, remain unaffected. It should be
further stressed that all 736 channels work in parallel. This allows us to simultaneously

record electric potentials at different locations, at sampling frequencies f = 2™ where
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Figure 2.11.: Measurement system.(a) Simplified sketch representing the principle of mea-
suring and recording electric potentials. Electric potential is measured lo-
cally by means of electric potential probes embedded in Hartmann and par-
allel walls. (b) Picture of one of the multi-channel amplifier-towers used in
the experiment.

m € {1,2,...,8}. In the experiments, signals are sampled with 128Hz (m = 7) where a

peak to peak noise of about 2uV limits the precision of the measurement system.

2.2.2. Electric potentials measured at Hartmann walls

Electric potentials measured at walls that are orthogonal to the magnetic field lines
B = Bye. (Hartmann walls) are of special importance in liquid metal MHD. Their local
values ¢,, as well as their gradients perpendicular to the magnetic field V, ¢,, allow us
to respectively obtain the stream function W (1.56) and the velocity field u€ (z,y) at the
edge of the Hartmann layer (recall that the superscript ()¢ indicates quantities measured
at the interface between the Hartmann layer and the core of the flow, Sec. 1.2.2). This

however requires the following two conditions:

1) The electric current density just outside the Hartmann layer J9 is small so that Ohm’s
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law (1.50) can be approximated by:
—V¢ +uS x B 20 (2.1)

¢° is the electric potential just outside the Hartmann layer. As noticed by [30] and [62],
this approximation applies to quasi-2D and even to weakly 3D flows, albeit with a larger

error than in quasi-2D flows.

2) The variation of the electric potential ¢ across the Hartmann layer is negligible. Ac-
cording to (1.46) this is valid in the limit of high Ha. It implies that:

P2 ¢, and V¢ =2V ¢, (2.2)

Combining condition 1) and 2) it leads to:

Uy +ul xB= O(max( N )) (2.3)

Ha?’ o|lus x B||

When §/Ha® < 1 and ||J¢ ||/o|lu¢ x BJ|| < 1, the local velocity u$ (x,y) just at the edge
of the Hartmann layer can be deduced from local electric potential differences between

probes distant by Az and Ay from one another according to (Fig. 2.12):

Cm_i(%(m,yﬂLAy)—%(m,y)) ucmi<¢w(x+m,y)—¢w(x7y)) (2.4)
v BO Ay ’ y_BO Az '

It is also important to notice that even if the Hartmann layer becomes turbulent its

thickness 0 remains of the order Ha™! and relations (2.4) are still valid.

,"’““---U-E““““"-“:’T Hartmann
- 7 layer of thickness & ~1/Ha

"_’_’ ___________ ‘________:'
B TZ Y « -’ T /< Hartmann
X % wall

electric potential
Ax probes

Figure 2.12.: Principle of FElectric potential velocimetry. Velocities uq at the edge of the
Hartmann layer can be obtained from local electric potential differences
measured at the Hartmann wall when the core flow is quasi-2D or weakly
3D and when variations of the electric potential across the Hartmann layer
are negligible in the limit of high Ha.

In order for three-dimensionality to spoil the validity of (2.4), the current density in the
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core J§ would have to be of order of (o[[uf x B)||. One may obtain a rough measure
of the related error in (2.4) when integrating the z-component of Ohm’s law (1.6) along
the field lines of B and across the core of a flow that is confined by two Hartmann walls
distant by the length L. This yields to an estimate for the vertical component of the
current density in the core ||J¢|| v 0A¢/L where A¢ is the potential difference across the
core flow. Combining this with current conservation (1.5) it provides an estimate for the

horizontal current density J9 in the core:
c Ly
3] = ~Ag o (25)

where L is a typical transverse length scale. The above relation implies that the error

on the calculation of the velocity because of the presence of three-dimensionality in the
flow is of order of ((L, /L*)Ag¢/|[ui x B)||).

Lastly one should note that the principle of extracting flow velocities from measured elec-
tric potential differences, also referred to as "Flectric Potential Velocimetry”, is known
since Faraday’s attempt to determine the velocity of the Thames river in London [19].
In his attempt, the field lines B across the Thames flow were generated by the magnetic
field induced in the earth’s core. But, since his measurement instrumentation was not
adequate at this time, Faraday failed. The measuring principle though has been applied
successfully about 150 years later in magnetic flow meters [60] to measure flow rates in

food and chemical industry.

2.2.3. Measurement of three-dimensionality

The presence of three-dimensionality can be identified by comparing sets of electric poten-
tial measured at both Hartmann walls that confine the liquid metal flow. For simplicity
we denote these walls thereafter as bottom and top Hartmmann wall, respectively posi-
tioned along the magnetic field lines B = Bye, at z = 0 and z = L. Since the electric
potential does not vary across the thin Hartmann layer (2.2), two identical sets point to
a strictly quasi-2D flow. If on the other hand these sets of measurements differ the flow

is necessarily three-dimensional.

When in the state of three-dimensionality values of ¢, are smaller at the top wall,
but lines of iso-electric-potential (thereafter: iso-¢,, lines) at the bottom and top Hart-
mann wall still remain topological identical, we call weak this manifestation of three-
dimensionality as it reflect a three-dimensionality where the horizontal velocity field is of

the form u, (x,y,t)f(2) in the core flow as theoretical analysed by [54]. In other words,
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flow structures are subject to differential rotation along magnetic field lines Bye,, but still
extend from the bottom to the top wall, hence they are not disrupted. By contrast, low
structures that do not extend from the bottom to the top wall yield to iso-¢,, patterns on
top and bottom that are not topologically equivalent anymore and the velocity field is no
longer of the form u, (z,y,t)f(z). Accordingly, we term this type of three-dimensionality

as strong.

Comparing iso-¢,, contours at bottom and top Hartmann walls to distinguish between
weak and strong three-dimensionality applies well to steady or slightly unsteady flows
regimes, but this approach is not as revealing when the flow becomes chaotic or turbu-
lent. In this case, the presence of weak and strong three-dimensionality is better measured
by the correlation between values of time-dependent quantities Sp(¢) and Sp(t) obtained
at the same location (x,y) near the top and the bottom Hartmann wall respectively. In
our experiments Sp(t) and Sp(t) are typically local electric potential gradients just out-
side the Hartmann layer. If however the flow is quasi-2D or weakly 3D and approximation
(2.4) holds one could built those signal correlations on corresponding velocities just out-
side the Hartmann layer too. According to the definition of the correlations functions '

and C5 given thereafter this would indeed yield to the same result:

> Sp(ti)Sr(t:) > Sp(t:)Sr(t:)
O = —=2 and Cp = —— (2.6)
S50 Sh () ZS%(&)

k is the number of samples over which C; and C5 are calculated. ) quantifies how
much phase and frequency are correlated, regardless of signal amplitudes. C is the more
usual correlation function, that incorporates the signal amplitude. If C} = C5 = 1 sets
of measurements on the top and bottom are identical and the flow is quasi-2D. On the
other hand, C below 1 reflect strong three-dimensionality only, while C5 is smaller than
1 whenever either weak or strong three-dimensionality is present. At this point it should
be stressed that correlations functions C; and Cs are influenced by the presence of noise,
especially in flow regimes where signals are weak and the ratio rg/ny between respectively
the amplitude of the signal and the noise is small. An estimation of the corresponding

error can be found in the appendix A.

2.2.4. Electric potentials measured at the parallel wall

In contrast to electric potentials measured at the Hartmann wall local values of ¢, and

V¢, measured at the walls that are parallel to the imposed magnetic field B can neither
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be related to the stream function W nor to the velocity field u® in the core flow. This is
because of the complexity of those viscous shear layers or parallel layers with thickness
8, = Ha='/2 that shape in the vicinity of such walls (Sec. 1.2.3). However, local potential
gradients V¢, contain information about the electric current distribution near the wall
which should make it possible to draw some conclusions relevant to the flow structure just
outside the parallel layer in the core flow and along the magnetic field B.

Local values of the electric potential have been indeed measured on potential probes em-
bedded in parallel walls in our big experiment on the appearance of three-dimensionality
(Fig. 2.22). Corresponding signals however have not been analysed in the frame of this

dissertation.
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2.3. Source of errors when measuring electric potentials

In this section we describe the effect of thermoelectricity and discuss its influence on
locally measured electric potentials. We also explain how electric potential measurements

are affected by slight inhomogeneities of the the magnetic field system.

2.3.1. Effect of thermoelectricity

The effect of thermoelectricity is a direct consequence of temperature differences in elec-
trically conducting materials. It results from the phenomenon of thermodiffusion that
appears for instance as displacement of negative electric charges from the cold to the hot
end of a metallic conductor, with the temperatures . and ), respectively (e.g. [52]). This
generates a thermoelectric voltage Vt’;/ “ between these two ends that, according to [52],

can be approximated to:

Vale = ~a(0h — 6+ ~[ul0h) — (6. 2.7

where « is the Seebeck-coefficient that depends on the material, e = 1.6 x 107°C is the
elementary charge and p(6,) as well as u(6.) are chemical potentials (see e.g. [52] for

further explanation).

The effect of thermoelectricity is used in thermocouples to measure temperatures differ-
ences (e.g. [52]). A thermocouple is typically made of two different metallic conductors
with corresponding Seebeck-coefficients oy and «s, connected to one another at their
ends. Any temperature difference (0, — 6.) between both joints induces a total thermo-
electric voltage V;;, which is the sum of both the voltage V;Z/ ¢ generated in each of the

two conductors and the chemical potentials across the two joints [52]:
Vin = (a1 — a2)(0n — 0.) (2.8)

(notice that chemical potentials along each conductor that appear in (2.7) cancel out with

those that exist across the two joints).

The above principle of a thermocouple applies also to local electric potential measure-
ments in our experiments as shown in Fig. 2.13a. It means that a thermoelectric voltage
drop Vj;, is captured in each recorded signal too, on the top of the electric potential in-
duced by the flow. This could lead to a miss-interpretation of our experimental results so

we shall estimate the influence of thermoelectricity on the electric potential measurements.

As illustrated in Fig. 2.13a, one metallic conductor is made from copper and constitutes
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the electric potential probe and the reference probe. Copper has the Seebeck coefficient

acy = 7pV /K which can be obtained from thermoelectric series [20]. In other words, one

a) b)
controller
thermocouple
9,-100°C
S,-0°c
soldering i e i '
e — un 7 liquid metal, oty |} '
/ liquid metal, ot ; '
V4 vessel with=7'~~~F =~
/ I8h> Sc ISC ice water
prper /
conductors, o,
electric/ ! o
potential thermoelectric reference /\?n
Probe, ttcy voltage V, probe, O, P

Figure 2.13.: (a) The effect of thermoelectricity in the experiment: A thermoelectric volt-
age drop Vj;, is induced when the temperature at the interface between po-
tential probe and liquid metal is different to the temperature at the interface
between reference potential probe and liquid metal (principle of a thermo-
couple). (b) Experimental setup to obtain an estimate for the Seebeck co-
efficient of GaInSn ayy;: The liquid metal hold inside a plastic tube (inner
diameter 0.5cm) is brought to the temperatures 6, = 100°C and 6, = 0°C
at its ends using a regulated soldering gun and a vessel with ice water of
0° respectively. The thermoelectric voltage drop Vy, across the liquid metal
conductor and the copper conductors electrically connected to its ends pro-
vides then an estimate for oz according to (2.8).

would measure a voltage drop of V;’,fb/ “=0.7mV over the two ends of a copper wire where
the temperature is assumed to increase linearly from 0°C up to 100°C from one to the
other wire end.

The Seebeck coefficient of the second conductor, here liquid metal, is denoted as «y s
and neither for Galinstan nor for GalnSn given by the literature, however both values
should be of the same order of magnitude. To obtain an estimate for ay,, we set up a
small test-experiment that, in fact, resembles a local thermocouple as it appears in the
experiment (Fig. 2.13a), but with known temperatures 6, = 0°C and . = 100°C at the
joints between both conductors (Fig. 2.13b). This led to a thermoelectric voltage drop of
Vin = 2mV over the entire circuit so that, according to (2.8), apys can be approximated

to:

 Va
100K

N

AL =2

+ ac, = 5uV/K (2.9)

This implies that a temperature difference of Af = 1K between a electric potential probe
and the reference probe would generate a thermoelectric voltage Vi, = 2uV. In the exper-

iments, these probes are typically distant by about 0.1m so one may indeed expect Af#’s
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of the order of 1K. The effect of thermoelectricity may therefore limit the precision of
locally measured electric potentials obtained at the Hartmann wall ¢,, and parallel wall
¢, to 21V or to even slightly higher values. However, since values of ¢,, and ¢, are found
to be typically in the range of [10...10000]xV throughout our experiments the effect of
thermoelectricity on them remains of minor relevance.

Even less affected by the effect of thermoelectricity are local gradients V| ¢,,, related ve-
locities just outside the Hartmann layer u9 and gradients V¢, as corresponding potential
probes are usually distant by not more than 5mm. It means that their local temperatures
should be almost identical. Whenever a thermoelectric voltage V;;, is measured in signals
obtained from adjacent electric potential probes, values of V;;, captured at each probe
should be about the same and cancel each other when subtracting the signals from one

another.

2.3.2. Inhomogeneity of the magnetic field

The magnetic field systems presented in Sec. 2.1.2 produce magnetic fields B that are
slightly inhomogeneous. In order to estimate the influence of this effect on electric po-
tential measurements on either Hartmann walls we restrict here to small inhomogeneities
b(z,y)e, along these walls so we assume that B = (By + b(z,y))e.. This implies for
quasi-2D or weakly 3D flows that (2.3) can be written as follows:
b(x,
Voo = (uS x Boe,) (1 + M) (2.10)
By
We note therefore that local velocities are estimated with an error of b(z,y)/By (values
of this ratio for both magnet systems are given in Sec. 2.1.2). Furthermore, taking the

vector product of either side of (2.10) with e, yields:
Vo, x e, = —uf(By+ b(z,y)) (2.11)

where ¢,, is stream function of the field uS (By + b(z,y)). Since V¢, - ui = 0, lines of
constant ¢, (or iso-¢,, lines as defined in Sec. 2.2.3) still correspond to stream lines of the
velocity field u, despite local magnetic field inhomogeneities b(x, y). However, the value
of ¢, along each stream line will be different to that of the stream function ¥ which is
defined as VU x e, = u, . According to (1.56) this implies that:

g Gw (2.12)

_BO + b(iL‘,y)
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2.4. Experiment on a confined electrically driven vortex
pair

In this section we describe the set-up and the measurement technique of the small scale
experiment where a pair of counterrotating vortices is generated in a cylindrical container
hermetically filled by liquid metal. Although parameters are chosen to favour quasi two-
dimensionality, we put particular emphasis on the measure of residual three-dimensional

effects and their consequences on the quasi-2D flow.

2.4.1. Experimental set-up and measurement technique

The experiment is sketched on Fig. 2.14. It is made of a closed cylindrical plexiglas con-
tainer with radius R = 20 mm and height ¢ = 5 mm where all walls are electrically
insulating. The cylindrical cavity is hermetically filled with Galinstan that has the phys-
ical properties given in table 2.1. The top and bottom plates of thickness 1.5 mm are
made of electronic board material FR4 (Fig. 2.16).

Once filled, the container is centered inside the gap between permanent magnets that
create a the magnetic field B pointing along e, (Sec. 2.1.2), Fig. 2.15). Magnetic fields
strengths By € {0.097,0.127°,0.197",0.24} T are achieved by adjusting the gap width and
relate to Hartmann numbers Ha as given in Table 2.3.

The flow is forced by injecting the total amount of constant electric current I through
n = 2n, = 2n,, = 2 electrodes located at (0,d,0) and (0, —d,0) and with d = 8mm
(Sec. 2.1.3). Both electrodes are connected to a regulated D.C. power-supply (Toellner
8852-16), providing electric currents in the range I € [0 — 20]A with a maximum output
ripple 0.5 x 1073A. For strong magnetic fields B such a forcing creates a base flow of
two quasi-2D counter rotating vortices where each vortex would have a 2D circulation of
I'y = I/(mn./opv) according to (1.74) in Sec. 1.2.3. This suggests defining Uy = 2y /d as
a reference velocity a prior: along e,, at the centre between the axis of the two vortices.

Expressed non-dimensionally this yields to the Reynolds number Re®:

(2.13)

Electric potential is measured locally thanks to two symmetric sets of 56 potential probes
(diameter d,, = 0.25 mm) embedded in the top (2 = a) and bottom (z = 0) Hartmann
walls respectively at locations sketched on Fig. 2.14. The two sets are aligned exactly op-
posite each other along the e, axis. All signals are measured with respect to an reference

probe located near the box centre and are recorded with sampling frequency 128Hz using
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Figure 2.14.: Sketch of the experiment. top: cross section of the cylindrical container, bot-
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tom: top view of the bottom plate. (1) electric board, (2) electric current
injection electrodes (diameter d. = 1mm), (3) electric potential probes, (4)
in-/outlet to fill cavity with Galinstan, (5) reference probe for electric poten-
tial measurements, (6) plexiglas hollow cylinder. Az = 2.5mm, Ay = 1.75
mm and A7 = 0.6 mm are the distances between the potential probes.



cylindrical
container

permanent |
magnets

Figure 2.15.: Installation of the liquid metal filled, cylindrical container in the centre of
the gap spanned by two identical sets of permanent magnets. By varying
the gap width the strength of the magnetic field B can be changed.

potential  electrodes plexiglass connectors electrodes printed
probes holjjer \ ’ circuit

AN

bottom board (top view), bottom board (back view)
in contact with liquid metal

Figure 2.16.: Bottom plate made of electronic board material FR4 with embedded electric
potential probes and electrodes fixed to a plexiglas holder. Left: View onto
the side of the bottom plate that is in contact to the liquid metal. Potential
probes as well as electrodes are mounted flush to the surface. Right: View
onto the back of the board with printed electric circuits that convey all
signals to connectors.

the high precision amplifier system presented in Sec. 2.2.
Since the flow is expected to be mostly quasi two-dimensional one can apply approxima-

tion (2.3) as given in Sec. 2.2. This implies that velocities just outside the Hartmann layer
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can be extracted from measurements of the electric potential on both Hartmann walls
using (2.4). Corresponding electric potential probes have been placed to obtain profiles
of velocities @, and @, along the diameter § = 0 and, velocity profiles @y (7, 8, t) near the
side walls at 7 = 19.7 mm for angle 0 € [45.6°,134.4°] (see Fig. 2.14 for more details).

Table 2.3.: Hartmann number Ha= aBy+\/o/(pv) and Hartmann friction time 75 =
a’/(2vHa) for the height of the cylindrical container @ = 5mm and magnetic
field strengths By € {0.09T,0.12T,0.19T,0.24T}.

By [ [T] 0.09 0.12 0.19 0.24

Ha 13.5 18 28,5 36

| [s] 33 175 1.1 0.85

Furthermore, the comparison between sets of measurements obtained at z = a and z =0

allows us to spot residual three-dimensional effects using the elements given in Sec. 2.2.3.
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2.5. Experiment on the appearance of

three-dimensionality

In this section we describe the specifications of the large scale experiment that was
purpose-built to study the appearance of three-dimensionality in MHD flows. The prin-
ciple of our experiment follows that of [62] in which a constant homogeneous magnetic
field B was applied across a square, shallow container of height 0.02m filled with liquid
metal mercury. In his configuration, the time scale for ”two-dimensionalisation” 7op (1)
for each flow structure of transverse size | was less than 10~2s and much smaller then the
structure’s inertia 77(1; ). Accordingly, the flow was quasi two-dimensional (Sec. 1.3.2).
Unlike [62]’s earlier experiment though, our container is not shallow, but cubic and with
inner edge L = 0.1m. For low magnetic field strengths, this favours times 7o (/) which
are of the order of 1s and therefore much longer than those of [62]. When mp (1) ) becomes

comparable to 77(1; ) three-dimensionality in related flow structures should occur.

2.5.1. Design container

When designing the container, we aimed at having a construction that is made of mod-
ular elements. Firstly, this reduces development costs and time, and secondly, it offers
far more flexibility. For instance, this allows us to easily modify the experiment when
aiming at studying physical mechanism, beyond those of the present work. In this spirit,
the container consists of a cubic brazen frame and plates containing elements to force
or measure the flow inside the box mounted on each side (Fig. 2.17). This implies that
modifications to the experiment can be done just by interchanging corresponding plates.
In the present work, the two side plates across (denoted as bottom and top plate) and
two side plates along the magnetic field B are equipped with the elements presented in
Sec. 2.1.3 and Sec. 2.2. This means that potential probes and current injection electrodes
are embedded into electrically insulating electronic boards made of RO4003C material
(Fig. 2.18) that, once fixed to corresponding board holders made of copper (Fig. 2.19a),
constitute one of the interchangeable plates (Fig. 2.19b). We should mention that we use
RO4003C as board material as it is resistant to temperatures up to 250°C. This is indeed
crucial as the temperature in the vicinity of the Hartmann wall will reach higher values
than in the core due to high current densities in the thin Hartmann layer, in particular
near the electric current injection electrodes.

It is also important to notice that the brazen frame and the plates are made electrically
insulating by coating them with a thin layer of black Polyamid. This layer layer has the
thickness of about 150um and resists temperatures up to 100°C. If for instance the walls
parallel to the magnetic field lines B would be electrically conducting it cannot develop

an electric potential gradient at the wall that according to (2.3) balances u x B. This
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cubic side plates with elements to
frame measure and/or force the flow

Figure 2.17.: Modular design made of a cubic frame with interchangeable side plates.
When modifications on the experiment are required, those plates can be
easily swapped to exchange flow forcing and flow measurement systems.
Left: open container with side plates unmounted. Right: closed container
where the front plate is only partly drawn to allow for a view into the
container.

implies that velocities at the edge of the Hartmann layer cannot be extracted from elec-
tric potential measurements at the Hartmann wall. Furthermore, electric conductivity of
the walls implies a stronger damping of the flow that appears under the form of ohmic
dissipation induced by significant current densities inside the walls. The influence of this
effect on flows in our experiment is indeed interesting from the physical point of view, but

not part of the present work.

2.5.2. Filling with liquid metal

The liquid metal alloys GalnSn and Galinstan are both prone to quick oxidation when
they come into contact with air. This results into a thin layer of liquid metal oxide that
covers its surface and may deposit onto potential probes and injection electrodes when
filling the container. This drastically deteriorates their electrical contact with the liquid
metal and yields to unusable experimental data. Electric contact problems between liquid
metal and potential probes as well as injection electrodes may also result from gas bubbles
that could remain in the container after filling. Furthermore, such bubbles brutally change
the electric current distribution inside the flow and, accordingly, the physics of the flow.
In order to avoid these effects we firstly flush the container with inert gas argon, to press

air particles out and, secondly, evacuate remaining particles of air and argon from the
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Figure 2.18.: Top and bottom plate with electrodes and potential probes that are soldered
into corresponding electronic boards made from high temperature resistant
roger material RO4003C . Left column: Frontview showing their side that
faces the liquid metal. The set of electrodes and potential probes are made
flush with the surface. Right column: Backview with printed electric circuits
that transfer signals to connectors. Note that the two side plates along the
magnetic field B are made following the same principle.

wires that connect
potential probes
with the amplifiers

cutouts

board
holder

board acing side

Figure 2.19.: Manufacturing of the side plates. (a) board holder made of copper with
cutouts to provide a greater support surface to the board (note that wires
conveying the signals to the amplifiers need to have access to the connectors
attached to the back of each board (Fig. 2.18)). (b) finished side plate, here
the bottom plate, with the board mounted onto the copper holder.

container up to a vacuum of order of 10~?kPa.

2.5.3. Installation inside the superconducting magnet

The container has been mounted to the movable part of an aluminum rack which slides
on the top of a rack that is fixed to the ground beneath the superconducting magnet
(Fig. 2.21a). Once filled with liquid metal outside the magnet (Fig. 2.21b), this allows
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Figure 2.20.: Hermetic filling of the cubic container with liquid metal alloy GalnSn. The
container’s evacuation from gas particles avoids electric contact problems
and remaining gas-bubbles inside the liquid metal after filling.

us to easily move the container into the magnet bore, placed at always the same position
at the centre of symmetry of the magnetic field lines (Fig. 2.21¢). This not only secures
identical conditions between different sets of measurements, but also minimizes field in-
homogeneities over the fluid domain. Furthermore, since only the cubic frame is attached
to the vertical aluminum bars, side plates can be removed to clean the cavity or to replace
them by other ones without changing the position of the container with respect to the
aluminum rack. Lastly, this setup ensures the complete absence of mechanical contact

between the magnet and the box.

2.5.4. Experimental set-up and measurement techniques

The experiment is shown on Fig. 2.22. It features a cubic container with inner edge
L = 0.1m where all container walls are electrically insulating. Once hermetically filled
with GalnSn liquid metal (Table 2.1), the container is subject to the magnetic field Bye,
shown in Fig. 2.1b (Sec. 2.1.2). Magnetic field strengths By € [0.1, 5] T with corresponding
Hartmann numbers Ha € [364, 18220] are achieved by varying the electric current that
circulates inside the superconducting coil (see table 2.4 for selected values of By and
related Ha).

The flow entrainment relies on the same principle as in [62]’s or our small experiment
(Sec. 2.4.1). This implies that uniform DC electric current [ is injected at the bottom
Hartmann wall (z = 0 ) through n injection electrodes (electrode diameter d. = Ilmm). In
total 100 electrodes are thus mounted flush to this wall, with either n = 100(= 2n, = 2n,,)
or n = 16(= 2n, = 2n,,) of them alternately connected to either pol of the DC power
supply EA-PSI 9080-300 6HE 19’ (Sec. 2.1.3). The DC power supply provides DC electric
currents in the range I € [0 — 300]A . This too corresponds to a forcing geometry of

either a square array of 10 x 10 or 4 x 4 electrodes spaced by distances L; = 0.01lm or
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aluminium cubic superconducting
bars container  magnet

fixed rack sliding blocks  sliding rack

Figure 2.21.: Experiment installed inside the superconducting magnet. (a) Schematic
picture of the container mounted onto an aluminum rack that have four
sliding blocks to allow for its sliding along the fixed aluminum rack and
brings the container always into the centre of the magnet. (b) Container
outside the magnet. (c) Container in the centre of the magnet where the
homogeneity of the field B is best

L; = 0.03m respectively. When the imposed field B is strong and the injected electric
current [ is weak one creates a base flow made of quasi-2D vortices spinning in alternate
directions as in [62]’s experiment. Each quasi two-dimensional vortex would again have
a 2D-circulation of I'y = I/(7n(opr)'/? in absence of viscous dissipation in the vortex
core (Sec. 2.4 and Sec. 1.2.3). This suggests also defining Uy = 2I'5/(L;/2) as a reference
velocity a prior: in the centre between the axis of individual counter-rotating vortex pairs.

Uy expressed non-dimensionally yields to the corresponding Reynolds number Re':

o UoLi Al

v nrv(ovp)l/?

Re (2.14)
As in [28], electric potential ¢ is measured locally in the = —y plane at the bottom (z = 0)
and top (z = L) Hartmann walls using two identical sets of 196 electric potential probes
(see also Sec. 2.2 for a review of the measurement technique). These two sets are aligned
exactly opposite each other along the e, axis as shown on Fig. 2.22. At the wall centre,
probes are positioned in a dense 10 x 10 grid of spacing Az = Ay = 2.5mm to visualise

the smaller vortex structures in the flow. Middle-sized vortices and vortices of the size of
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Table 2.4.: Typical values of Hartmann number Ha=  LBy(c/(pv))/?, Hart-
mann friction time 74 = L?/(2vHa) and two-dimensionalisation time
Top(Li) = oB3/p(L/L;)*> = 7;(L/L;)?* for magnetic field strengths By €
{0.5T,1T,2T,3T,5T} and electrode spacings L; € {0.01m, 0.03m}.

By [T 05 1 2 3 5

Ha 1822 3644 7290 10933 18222

o 5] | 6.9 3.4 1.7 1.1 0.7
7ap(L; =0.01m) | [s] | 0.8 0.2 46x 1072 21x1072 7.5x% 1073
7ap(L; =0.03m) | [s] |8x 1072 21x102 5x1073 23x1073 84x 1074

the box are captured by measurements on probes that are positioned in groups of always
three probes (distant by Az = Ay = 2mm from one another), around the centre array
and further out close to the parallel walls respectively.

Electric potential is are also measured in the y — 2z and x — z plane at the wall where
xr = 0 and y = L respectively, on 195 probes located as sketched in Fig. 2.22. These
probes are spaced by distances Ay = 4mm and Az = 4.6mm along e, and e, respectively
(note that sets of probes in the z — z and y — z planes are arranged identically). Those
measurements should shed some light on the flow structure along the magnetic field lines
B, but again, corresponding recorded electric potential have not been analysed in the
frame of this dissertation (Sec. 2.2.4).

All electric potentials are simultaneously recorded with sampling frequency 128Hz using
the high-precision signal processing amplifier system presented in Sec. 2.2. This provides
both local time-dependent electric potential gradients Vo(z,y,0), Vo(z,y, L), Vo(0,y, 2)
and Vo(z, L, z) and a visualisation of iso-electric-potential lines (thereafter: iso-¢ lines)
at corresponding walls. Furthermore, when the flow is quasi-2D or weakly 3D, iso-¢
lines and potential gradients obtained at the bottom and top Hartmann wall can be
directly related to streamlines and velocities respectively, both obtained at the edge of
corresponding Hartmann layers (Sec. 2.2.2).

Like in our other experiment (Sec. 2.4.1), the presence of three-dimensionality in the core
flow reflects on different sets of measurements obtained at top and bottom Hartmann
walls. The form under which it appears can be identified from differences in related iso-¢

contours as well as signal correlations (Sec. 2.2.3) .
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Figure 2.22.: Sketch of the cubic container. Top: cross section. Bottom: top view onto
the bottom plate. (1) cubic brazen frame; (2) top-holder with top-electronic
board (3) with 196 potential probes (4); (5) bottom-holder with bottom-
electronic board (6) with the same set of 196 potential probes (7) as on the
top and additional 100 forcing electrodes (8); (9) parallel-electronic board
with 195 potential probes (10) (the same set of probes exists in the z — 2z
plane where y = L)); (11) side plate; (12) reference probe; (13) inlet and
outlet to evacuate the container and to fill it with liquid metal. All container
walls are electrically insulating, except on locations where potential probes
or electrodes are embedded.
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2.6. Experimental procedure

The experiments presented in previous Secs. 2.4, 2.5 are performed following the same
experimental procedure. Starting at I = 0A, the total electric current I injected through
n electrodes was increased in steps up to the maximum that is reached when either
I/n =10A or I/n = 7TA, depending on whether measurements are performed on the small
or the large scale experiment (recall that in the latter the amount of current that can be
injected through each electrode is limited by the Rsg-resistance). When a bifurcation is
found, the step size of changing I has been reduced to obtain detailed information on the
flow properties around the transition. For each corresponding forcing I measured non-
dimensionally by Re’(I) we waited until the flow was fully developed before recording
electric potentials over a period in the range of [107y,3007]. This procedure is repeated
for different values of magnetic field strength By with corresponding non-dimensional
Hartmann numbers Ha (Table 2.3 and Table 2.4). Ha and Re” are then the two control

parameters in both experiments.
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3. Experiment on a confined electrically

driven vortex pair

In this chapter we present the results obtained from the experiment on the electrically
driven vortex pair confined in a shallow, cylindrical container. It should be noted that
the whole content of this chapter is published in [28].

3.1. Introduction

We are interested in the transition to turbulence induced by the presence of a wall in
quasi two-dimensional flows. In applications, boundaries are often responsible for the
development of turbulence. Their role is for example crucial in the dynamics of wings
or flying objects where boundary layer separations initiate vortex shedding and subse-
quent turbulent patterns that, in turn, determine lift and drag forces. The complexity of
theses flows makes them difficult to investigate experimentally and very costly to tackle
numerically. In this regard, quasi two-dimensional flows in simpler configurations allow
us to easily reproduce some elementary properties of the transitions phenomena that oc-
cur in real configurations and to understand the two-dimensional part of their dynamics.
This is why a large number of studies have been dedicated to the very generic quasi
two-dimensional separated flow past a circular cylinder (see [72, 73] and [40] for a review
of numerical work on boundary-generated two-dimensional turbulence). These flows are,
to a large extent, determined by how single vortices or vortex pairs interact with walls
so it is essential to understand the dynamics of such a reduced system. There has been
number of studies around this theme and one can cite two that are closest to our pur-
pose: [63] demonstrated some elegant visualisation of the vortex/wall interaction in liquid
metal Magnetohydrodynamic flows and [40] recently performed numerical simulations of
a forced vortex array in a square box. They exhibit a transition to turbulence through a
sequence of supercritical bifurcations that leads to a chaotic, then turbulent state, as in
the case of the cylinder wake. In the work presented in this chapter we aim at reproduc-
ing such a boundary induced transition to turbulence experimentally and analyse it, by

studying a forced vortex pair confined in a circular domain.
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Since a purely two-dimensional flow cannot be achieved experimentally, we wish to put a
particular emphasis on the measure of residual three-dimensional effects and their conse-
quences on the quasi two-dimensional flow. To this end, we study a flow in a thin layer of
liquid metal under an externally imposed, transverse magnetic field, as [63] did, using the
experimental setup described in Sec. 2.4. If the transverse magnetic field is strong enough,
the resulting flow is quasi two-dimensional in the sense that physical quantities don’t vary
across the layer except in the vicinity of the walls that confine it, where so-called Hart-
mann boundary layers develop because of the no slip condition (see for instance [42]).
Because of this particular flow structure, several small but important laboratory Magne-
tohydrodynamic experiments have been built where a layer of liquid metal held between
two parallel planes is used to obtain an experimental realisation of quasi two-dimensional
flows. Among them, [62] has provided an experimental evidence of the two-dimensional
inverse energy cascade that characterises two-dimensional turbulence. [5] experimentally
and [15, 21] numerically have studied the quasi two-dimensional wake of a circular cylin-
der and identified the usual regimes found in the hydrodynamic case. In none of these
studies, however, was the actual limit of the quasi two-dimensionality assumption exam-
ined, although more general studies have proposed theoretical scenarios for the transition
between quasi two-dimensional and three-dimensional flows ([64, 10]). This question is
crucial in order to quantify the relevance of Magnetohydrodynamic flows in thin layers to
two-dimensional flows. We shall therefore address it by calculating the correlations be-
tween quantities measured on either side of the fluid layer, just outside of the Hartmann
layers as [68] did, to measure the progressive elongation of a single pulsed vortex in a
magnetic field. This will allow us to determine whether the observed flow properties are
influenced by three-dimensional effects that are related to differential rotation and vortex
disruption (Sec. 2.2.3).

Thereafter in Sec. 3.2, we present experimentally observed flow regimes and compare them
qualitatively with flow patterns found numerically by [28]. In Sec. 3.3 we identify scaling
laws for measured topological quantities against a single parameter R) =Re/Ha that is
known to control the dynamics in quasi two-dimensional flows (see Sec. 1.2.3). The nature
of bifurcation observed at the transition between flow regimes is characterised in Sec. 3.4.
Finally, we discuss the appearance of three-dimensionality and the role of the Hartmann

layer friction in all observed flow regimes in Sec. 3.5 and Sec. 3.6 respectively.

To recall our experimental setup shown on Fig. 2.14 and described in Sec. 2.4 we shall now
briefly discuss its main properties. The experiment features a horizontal shallow liquid
metal layer of height a = 5mm enclosed in a cylindrical container of radius R = 20mm.
The liquid metal layer is penetrated by a vertical, constant magnetic field B = Bye,.
A pair of counterrotating vortices is generated by injecting constant electric current [

from one Hartmann wall, through two point electrodes distant by 16mm. The magnetic
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field strength By and the electric current I, respectively expressed non-dimensionally as
Hartmann number Ha= aBy(c/(pv)"/? and Reynolds number Re® = IR/ (mvd(opr)'/?),
control the flow in steady and unsteady regimes. Related flow states are identified from
local quantities such as velocity profiles obtained from electric potential measurements at
the Hartmann walls (Sec. 2.2.2): along the diameter y = 0, and at distance 0.3mm from
the circular side wall between angles 0 = 45.6° and 6 = 134.4° (see Fig. 2.14). To back
our experimental analysis we also take advantage of more global representations of the
flow provided by [28], who numerically simulate the mostly quasi two-dimensional flow

for Hartmann number Ha= 43 using [54)’s two-dimensional model (Sec. 1.2.3).
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3.2. General aspects of the flow

In this section we report observed flow regimes that occur in the mostly quasi two-

dimensional flow in the cylindrical container when increasing the electric forcing from

I =0 (or Re” = 0). The established flow state goes through a sequence of bifurcations

that appear at critical forcing measured non-dimensionally by the Reynolds numbers
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Figure 3.1.: Critical Reynolds numbers vs. Hartmann number. ReY;;: transition from
the steady flow regime to the periodic flow regime. ReY: transition from
the periodic flow regime to the flow regime with two base frequencies. Re}:
transition to the flow regime where the profile of u, almost becomes symmetric
again. ReJ,: transition to three-dimensionality (see Sec. 3.5).

These critical values are in fact functions of the Hartmann number Ha as shown in Fig. 3.1

and corresponding flow regimes are described thereafter.

At very low forcing, such that Re” <ReY;;, the flow is steady and the corresponding

profile of u, (marked by "I” in Fig. 3.2a) along the diameter y = 0 is almost symmetric

about x = 0, with u, > 0 everywhere. In this regime ”I”, the point of maximum velocity

M

Uy,
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is however located at 2™ > 0, 2 being small and increasing with Re® (Fig. 3.3a).
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Figure 3.2.: Experimentally obtained, time averaged quantities where velocities and dis-

tances are normalized by the forcing Uj and the cylinder radius R respectively.
(a) velocity profiles (u,(x,0)) for Ha= 36. (b) width of recirculating region

(Az, )y = <:17§,1) —a:$,2)>t vs. Re’/Ha. (¢) RMS of velocity fluctuations u'(z, 0, t)
along the diameter y = 0 for Ha=36. Black markers: (u/(z,0, t)2>tl/2, white
markers: (u;(x,(),t)2>2/2. (d) («7"); and (z}"); vs. Re”/Ha for Ha= 36. The
corresponding flow regimes are indicated as I, II, III, IV and V.

Velocities ug(r = 0.985R, 0,t), measured near the cylinder wall, are orientated anticlock-

wise and almost azimuthal, without any sign reversal (Fig. 3.4).
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Figure 3.4.: Time averaged velocity profiles.{us(r = 0.985R,0)); along the circular side
wall for Ha= 36. Note that the precise determination of fy is limited by the
number of measurement points along the side wall and a low signal to noise
ratio rg/n-.

The type of profile as shown in Fig. 3.2a in this regime is also typical from regime ”1”
that [28] found numerically for Ha= 43 (Fig. 3.6a).In this first steady regime, contours of
vorticity (Fig. 3.5a) and stream lines (Fig. 3.5b) provided by the numerical simulations

essentially show two steady counterrotating vortices, antisymmetric about the e, axis and
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centered slightly to the right of the electrode axis. This explains therefore the location
of the maximum velocity u that was found at 2 > 0 along the diameter y = 0 as it
corresponds to the position of the initial vortex pair. In fact, the distance between the
location of their rotation axis and the electrodes results from the balance between their
mutual influence that tends to imprint a motion toward x > 0, and the influence of the
circular wall. Furthermore, Fig. 3.5a (left) shows that each of these vortices presents a
sharp vorticity maximum located away from the vortex centre that corresponds to a free

shear layer in the shape of a ring.

For slightly higher values of Re”, but still in regimes where Re® <ReY;;, the flow changes
into a second steady state denoted as regime "II” where the velocity profile uy(r =
0.985R, 0,t) first exhibits a change of sign at angle 0y (Fig. 3.4).

28]’s numerical results presented Fig. 3.5b confirm that this observation can be related to
the side layers that separate from the cylinder wall at angle 6, at two symmetric locations
behind the initial vortices to form counterrotating recirculation regions. Interestingly, [28]
points too to an apparent analogy between these regions to those which appear in duct
flows past a cylindrical obstacle with an homogeneous magnetic field oriented along the
cylinder axis, as studied by [15] (Fig. 3.7).

When the forcing is further increased, the flow still remains steady and 6, is displaced
along the wall in clockwise direction (Fig. 3.3c). This displacement also coincides with
the increase of ™ (Fig. 3.3a and Fig. 3.6a ), which indicates that it is a consequence
of the displacement of the initial vortex pair in the x > 0 direction. The zone of posi-
tive azimuthal velocity for 6 > 6y in Fig. 3.4 therefore characterises the antisymmetric
counterrotating recirculation regions that appear behind each of the two initial vortices

because of the separated boundary layer.

The transition into regime "III” occurs when the flow becomes unsteady at Re® =Re?,;.
It results into a periodic oscillation of local electric potentials ¢(z,y,t) (Fig. 3.8a) which
yields strong peaks with base frequency f; and further harmonics 2f; and 3f; in the
frequency spectrum. Corresponding spectra, recorded from measurements on the bottom
plate at x = —0.4375R, y = —0.04375R and z = 0 are shown on Fig. 3.9a (note that
time-dependent signals ¢, (z,y, z,t) and related power spectra taken from potential mea-
surements at other locations yield qualitatively similar results). Accordingly, ™ and 60y
obtained from velocity profiles III of u, and uy in Fig. 3.2 and Fig. 3.4 respectively are
time-dependent and when the forcing is intensified, (z*); and the RM S of its fluctuations,
e o= (2™ (2,0,t) — (zar(x,0)),)2)17?, increases. We also found that the time-averaged
angle (fy); where separation occurs is displaced along the circular wall in the § < 0
direction (see Fig. 3.3c). Having inspected time series of subsequent vorticity contours

provided by numerical simulations for this regime we could attribute the transition into
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Ha= 43 obtained from [28]’s numerical simulations that use the model of [54]
(see Sec. 1.2.3 ). Contours of vorticity normalised by Up/a (left column),
streamlines (centre column), contours of vertical velocity as given by (1.76),
normalised by Uy (right column). (a) regime I. (b) regime II. (c) regime III.
(d) regime IV.
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Figure 3.7.: [28]’s schematic representation of the analogy between steady flows with
boundary layer separation inside (top) and around (bottom) a cylinder con-
tainer. A, B and C are stagnation points, S; and Sy are separation points.
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Figure 3.9.: FFT of recorded time-dependent signal o¢(x = —04375R,y =
—0.04375R,0,t) for Ha= 36. (a) periodic flow (regime III). (b) two base
frequency flow (regime IV). (c¢) chaotic/turbulent flow in flow regime IV. (d)
chaotic/turbulent flow in flow regime V. Oscillation amplitudes A and fre-

quencies f; are normalised by B,Upa and the Hartmann friction time ¢
respectively.

flow regime "III” to a destabilisation of the separated boundary layers at the back of the
initial vortex pair (Fig. 3.5¢) shows a snapshot of this time series). The vorticity time
series visualises small vortices that form in the vicinity of the locations where the bound-
ary layer detaches from the circular wall and grow along the separated boundary layers,
until they are released almost simultaneously from either side of the centerline y = 0
into the stream between the two electrodes. As in the experiments, this results in the

appearance of a low base frequency and subsequent harmonic oscillations of the velocity
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field (see [28] for detailed information). That the measurements do indeed characterize
the vortex shedding regime found in the numerical simulations can be also proven by the
good qualitative agreement between numerical and experimental mean velocity profiles,
as well as RMS of velocity fluctuations (resp. Figs. 3.2a, 3.6a and Figs. 3.2¢, 3.6b).

This vortex shedding also explains the presence of maxima at x < 0 in the profiles III of
(uly(x,0,4)%)1/2 and (u] (,0,t)?)"/2 plotted along the diameter y = 0, as they correspond
to the location where the shed vortices impact onto the centerline (see Fig. 3.2¢). It is
also noteworthy that, as in the previous regime "II”, this vortex shedding process is remi-
niscent to that of the Von Karman street behind a cylindrical obstacle as e.g. numerically
studied from [15], but differs from it: at the onset of the unsteady regime ”III", vortices
detached from the cylinder wall are released in turn and not almost simultaneously as in
the flow inside the cylindrical container. The synchronisation of this shedding is however

lost at slightly higher forcing.

A further flow regime, called regime "IV” is found when Re’ =Re?,, as a second base
frequency fy, with fy < fi, appears in the frequency spectrum of ¢(z,y,t). The spectrum
is then seen to be extended as further frequency peaks occur for Re slightly higher than
ReYy, (Fig. 3.9b and corresponding time-dependent signal Fig. 3.8b). This equates to a
regime that [28] identified in his numerical simulations and denoted too as regime ”IV”
as here again, the time averaged profiles of velocity as well as RMS profiles of velocity
fluctuations, obtained experimentally and numerically are in good qualitative agreement
(Figs. 3.2a, 3.2b) and Figs. 3.6a, 3.6b respectively). Further in this regime, a clear max-
imum in the profiles of (u'y(m,O,t)2>1/2 appears in the region z > 0 at z}' (Fig. 3.2c),
roughly at the location z* where u, = u} (recall that ™ identifies the location of the
initial vortex pair along the centerline y = 0,ig. 3.2a). This can be interpreted using a
series of images of vorticity contours obtained from the numerics of [28] at subsequent
time steps (Fig. 3.5d for a related snapshot). They show that the above observation is
related to the two initial vortices, however strongly disrupted now, starting to oscillate
around the centerline y = 0 while exhibiting both long and short wave instabilities so
the global picture becomes that of a strongly chaotic flow (Fig. 3.5d). This argument
finds support as the frequency spectrum experimentally obtained in this regime shows
that the amplitude of all measured frequencies raises significantly above that from pre-
vious regimes. According to [40] this indicates a transition to a spectrum with a broad
continuous component, thus implying that the flow for higher forcing in regime "IV” is
turbulent.

Also, since vortices that are shed into the x < 0 region are stronger in regime "IV” they in-
duce a flow of negative mean velocity that occupies a region of width (Az,) = (a,y(ﬂl) — x7(«2)>
along the centerline as can be noticed from the velocity profile "IV” in Fig. 3.2a. When

the forcing is intensified, the associated return flow extends and, therefore , (Az,) in-
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creases (Fig. 3.2b). Furthermore, once sucked into the stream between the two oscillating
vortices located at = > 0, the shed vortices are strongly squeezed and stretched which
damps their fluctuations along €, and may explain the minimum in the profile "IV” of
(u! (z,0,)2)1/2 at 27 in Fig. 3.2c. Since this stretching is directly induced by the two
initial vortices, the evolution of 2" follows that of my with increasing forcing, until these
two points clearly separate, which marks the end of regime IV.

As a last remark related to our experimental observations in this regime "IV”, we should
refer to similarities to the Von Karman street behind a cylindrical obstacle: [28] pointed
out that [15] also identified the appearance of a lower base frequency in the flow regime
he calls regime "IV”. It corresponds to vortices that, after being detached from the duct
side walls, disturb the Von Karman street. Further details related to similarities between
the flow within and past the cylinder for flow regimes "17, "II”, "III” and "IV” can be
found in [28].

A last flow regime, denoted as regime "V”, has been detected at Re? =Re!, where all
quantities are brutally altered. (Awz,), drastically shrinks (Fig. 3.2b) and negative ve-
locity components vanish completely along the diameter y = 0, resulting in a profile of
(uz)¢ that is almost symmetric about x = 0 (Fig. 3.2a). Accordingly, the average (xa);
rapidly drops to the vicinity of x = 0 at first, increases again and then slightly decreases
for higher forcing. Also, the averaged point of sign reversal along the circular wall (0, ),
is displaced in anticlockwise direction, thus following the displacement of (z™);. For
Re' >>Re), however, very strong velocity fluctuations make the detection of 8 (t) in the
profile ug(r = 0.985R, 0, t) impossible. The corresponding spectrum in this regime shows
that the flow is turbulent, but interestingly, also reveals a new dominating base frequency
f3 that is much lower than fy (Fig. 3.9d).

The experimental findings in this regime can not be compared to numerical simulations
as the interaction parameter N in [28]’s numerical calculations at the end of the previous
regime "IV” is already close to unity which implies that [54]’s model on which they rely
fails to deliver accurate results. Furthermore, the transition into regime ”V” seems to be
related to the transition from a laminar to a turbulent Hartmann layer as we will demon-
strate in Sec 3.6. In this case too, [54]’s model breaks down as it can neither account for a
turbulent Hartmann layer profile nor for the transition between a laminar and a turbulent

Hartmann layer (see e.g. [28] for more information on the validity of [54]’s model).
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3.3. Scaling laws in observed flow regimes

The Reynolds numbers ReY;;, ReY,, and Re?,, in the previous section identified as critical
forcing that separates observed flow regimes, are shown on Fig. 3.1 where the evolution
of corresponding points in the figure suggests that those numbers depend linearly on the
Hartmann number Ha. This indicates that the transition between regimes is governed
by a single parameter R) =Re’/Ha which is known to control quasi two-dimensional
MHD flows dominated by Hartmann friction (Sec. 1.2.3). In order to further check this
property, all Re dependent quantities have been plotted against RY instead of Re® (see
Figs. 3.2b, 3.3a and 3.3¢). It clearly appears that any set of curve describing a topolog-
ical quantity ({(a™);, (6,):,(Ax,);) can be merged into a single one, provided they are

respectively scaled as:

<$M>t

g ~ f(Re’/Ha), (0s):Ha'/® ~ g(Re”/Ha),  (Az,) ~ h(Re’/Ha)  (3.1)

The fact that the lower values of Ha (Ha= 13.5 and less noticeably Ha= 18) match these
scalings imperfectly certainly indicates that these are valid in the limit of large Ha and
breakdown at lower Ha, where electromagnetic effects are less intense and regimes are not

asymptotic in this sense anymore.
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3.4. Analysis of the bifurcations

In this section we analyse the nature of bifurcations that occur at the transition to un-
steady flow regimes "III” and "IV” (Sec. 3.2). To this end, we determine the absolute value
of amplitude A; and frequency f; at the saturation level (dA;(t)/dt = 0) of corresponding
base oscillations A;(t)sin(27 f; + ¢¢) (with phasing ¢¢ and i € {1,2}), depending on the
strength of the forcing I (or expressed non-dimensionally by Re’). In order to obtain a
reasonable representation of the evolution of the instability we refined our experimental
procedure (Sec. 2.6). It means that we decreased the step size of injected electric current
to 0.01A within the range I. + 0.05 A where I. denotes the critical forcing where any

transition occurs. Once I. + 0.05A is reached, a possible hysteresis around . was sought
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Figure 3.10.: Analysis of the bifurcations based on times series of ¢, (t) measured near
the box centre at x = —0.4375R,y = —0.4375R and z = 0. (a) square of
the amplitude A; of mode 1 vs. 7. (b) frequency f; of mode 1 vs. ri. (c)
square of the amplitude Ay of mode 2 vs. ry. (d) frequency fo of mode 2 vs.
ro. Oscillation amplitudes A; and frequencies f; are normalised by B,Uja
and the Hartmann friction time tl}l respectively.

by decreasing the current in the same steps. This helps us to find out whether observed
bifurcations are of supercritical or subcritical nature (e.g [16, 34]). Note that the analysis
thereafter is based on time-dependent electric potentials ¢,,(¢) measured near the centre
of the container at x = —0.4375R,y = —0.4375R and z = 0, however, it was checked that

time series obtained at other locations (x,y and z € {0;a}) yielded qualitatively similar
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results.

The evolution of the stationary amplitude |A;| of mode 1 with fundamental frequency
f1 versus the critical parameter r; =Re®/Re?;; — 1 is reported on Fig. 3.10a (recall that
values of Re” are dimensionless representations of the forcing ). It is found to follow a
square root function in the region of small parameters r; < 0.15. Since it was also no
hysteresis observed at the transition, this indicates a supercritical bifurcation or Hopf-
bifurcation. According to [34], the weakly non-linear evolution of the amplitude of the
perturbation |A;| can be described by the Landau equation in the region r; < 0.15 as
follows:

%|A1|2 9| A2 — LA+ O with o1 > 0 (3.2)

where o denotes the growth rate of the instability. [ is the Landau constant and measures
the nonlinear saturation in the perturbation growth ([34]). Values of A; in Fig. 3.10a are
obtained at the saturation level of the instability and the amplitude of the oscillation is
stationary. In short, in regimes that satisfy d(]A;|*)/dt = 0. This implies that (3.2) can
be modified into:

A2 = 2% _ 2l—ljlr1 (3.3)
Again, [y is the Landau constant and k; is a constant too ([34]). We have determined
the ratio k;1/l; for 0 < r; < 0.15 by interpolating the set of points A;(r1) in Fig. 3.10a
with a square root function It yielded &, /l; = 3 x 10~* for all values of Ha, but Ha= 13.5
as this case departs from the asymptotic curve and exhibits stronger saturation (see
Fig. 3.10a). Also, related base frequencies f; increase linearly for small r; as a function
of Re? and seem to saturate for higher 7 as the flow approaches regime IV (Fig. 3.10b).
Furthermore, since sets of points related to frequencies f; obtained for different Hartmann
numbers almost collapse to a single curve when scaling them with the Hartmann friction
time 7 = (1/2)(a®/(vHa)) indicates that the frequency f; increases monotonically with
Ha at the onset of regime "II1”.
The second bifurcation at Re® =Re);, results in a spectrum with two base frequencies
f1 and fy and subsequent linear combinations of the form m; f; + ma fo with (mq,ms) €
{—2,-1,0,1,2}? as in [7] and [40] (Fig. 3.9b). As for mode 1, the fundamental frequency
f2 of mode 2 increases linearly with the critical parameter 7 =Re”/Re%,, — 1, but the slope
seems to depend weakly on Ha (Fig. 3.10d). No saturation was detected for 0 < ry < 1.5
but it may well occur for higher forcing. As A;(r1), A2(r2) follows a square root function
according to |A|? = 209 /ly = 2kyry /1, without any measurable hysteresis. An interpola-
tion of Ay(ry) for 0 < ry < 0.15 yields also ky/ls = 3 x 107* (Fig. 3.10c and one can also

conclude to the supercritical nature of the bifurcation to regime IV.

Lastly, since f; and f; seem to be two independent base frequencies it points to two-
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frequency quasi-periodicity at the onset of regime "IV” (e.g. [49, 25]). As for period-
doubling or intermittency, quasi-periodicity can appear in the sequence of transition
scenarios in dynamical systems that yield to chaotic behaviour. In this context, quasi-
periodicity does not mean that the flow motion is almost periodic. It rather implies that a
time series of a flow related quantity can be decomposed into parts which themselves are
periodic, but their periods are incommensurate and the ratio of corresponding frequencies
f2/ f1 would yield an irrational number. However, because of the limit in precision when
determining frequencies f; and f, we can only suppose the presence of quasi-periodicity.
In order to prove it one would need to use other techniques like for instance Poincare-
mapping ([1, 27]). Poincare-mapping provide a better tool to identify particular flow
characteristics like quasi-periodicity. Though interesting and important, applying such
techniques to our experimental data would have gone beyond the scope of the present

work.
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3.5. Appearance of three-dimensionality

In this section we show how and under which form three-dimensionality appears for all
cases of Ha studied, using elements presented in Sec. 2.2.3. Since the arrangement of
probes in this experiment does not provide a visualisation of iso-¢ contours we dis-
tinguish between weak and strong three-dimensionality only from correlations between
electric potential gradients Vo, (z,y,0,t) and Vo, (x,y,a,t) obtained at the bottom
and top Hartmann walls respectively. Correlations built on electric potential gradients
Oypw(x,0, 2, t) are thereafter denoted as Cy, while those correlations built on fluctuations
only 9,¢.,(x,0, z,t) = Oy¢pw(x, 0, 2, 1) — (OyPw (2, 0, 2)); are called C7, C4 (recall that indices
()1 and ()2 denote the type of correlation function defined by (2.6) ). At this point, we
should emphasize that correlation factors C7,C} and Cy can be influenced by the pres-
ence of = 2V peak to peak noise (see appendix A). This is especially the case in steady
flow regimes "I” and ”II” where signals are weak and the ratio rg/x between the effective
amplitude (RMS) of the signal and that of the noise, respectively, is small. For very slow
fluid motion this may induce an error on the correlations of about 20% in the case of
Ha= 36. The error however progressively decreases if the flow intensity increases and is

already not more than 5% when the flow changes into the unsteady regime "II1”.

The variations of spatially averaged correlations (C;) and (C!) with Re are depicted
on Figs. 3.11a, 3.11c and 3.11d for all values of Ha studied here (note that the average is
made from local correlations C;(z,0) and C!(x,0) obtained along the diameter y = 0 for
xr € [—0.8125R,0.8125R] ). When Ha= 36 and Ha= 28.5, the correlation factor (Cy) is
nearly unity for all investigated regimes and one can conclude that the flow is very close
to quasi two-dimensionality. This also justifies plotting profiles of velocities and velocity
fluctuations in Figs. 3.2a, 3.2c and 3.4 for Ha= 36 instead of profiles of V¢,, as relations
(2.4) from Sec. 2.2.2 are valid.

For Ha= 18, (Cy) seems to be slightly below unity even for very high signal to noise ratios
rs/n, indicating some small three-dimensionality. For Ha= 13.5, this effect is more sub-
stantial, and one sees that three-dimensionality is always present. This certainly explains
why the case Ha= 13.5 departs from all the others in the scaling laws found in Sec. 3.3.
Since flow fluctuations are about one order of magnitude smaller than the mean flow in
all observed regimes "I”-"V” (Figs. 3.2a, 3.2b), the correlation (Cy) mostly reflects the
presence of three-dimensionality in the mean flow, in particular its weak form. It shows
however less how signals between bottom and top plate are correlated in phase and fre-
quency which would provide information on the appearance of strong three-dimensionality
as defined in Sec. 2.2.3. A refined picture can therefore be obtained when inspecting spa-
tially averaged correlations (C7), (C3) based on fluctuations 0,¢!,(z,0, 2, t) only (Figs.
3.11c, 3.11d).

93



OO OO

o RegD/Ha5’5 ~ 540

| 0.6 ]
. | ORe%Ha®* ~ 780
I 4 | ]
0.7 ! +-Re%Ha%® ~ 1260
| 0.5+ p .|
al *+-Re%Ha®® ~ 1900 b)
0 ; : : 1

1 E
0.9 £
-4
Q L I
~ | B s Wy,
S O § [ 5 !
Jos m ™ i o8
~ Q) i VA O (. 5 o L0
" i 'Jg_’tj(u}uq‘* 0 o0
, i Ty Y Y Y
| . v
o7tg 5 I T
(o] & ] i .;f O 3
vi i I g |
8 v i c) o o d)
o of 08 12 16 2 0 047 08 12 16 2
107 Re"/Ha®"? 10~ Re"/Ha®?

Figure 3.11.: Correlations of electric potential gradients V¢,(z,0,2,t) as both pro-
file and spatial averaged quantities along the diameter y = 0 for = €
[—0.8125R,0.8125R]. (a) (Cy) built on d,d,(z,0,2,t) vs. Re’/Ha®®. (b)
profile of C built on fluctuations 9,¢ (z,0,2,t). (c) (C]) built on fluc-
tuations 9,¢.,(z,0,z,t) vs. Re’/Had>. (d) (C4) built on fluctuations
9,9, (2,0, 2,t) vs. Re®/Ha®/>.

Both (C7) and (CY) are weak near the onset of unsteadiness where the amplitude of fluc-
tuations and the ratio rg/y is small. They increase for higher forcing to a value of about
unity and remain almost constant for Re’ <ReJ, (some small deviation can be again
related to the presence of noise). Correlations in this flow regime are indeed close to
unity at all locations (x,y) along the centerline, thus indicating quasi two-dimensionality
(Fig. 3.11b). Furthermore, the fact that (C]) = (C%) tells us that flow fluctuations are
strongly correlated in phase, frequency and amplitude which implies that they are subject
to neither weak nor strong three-dimensionality.

This behaviour changes drastically at the critical value Re” = Re;,. Both (C}) and (C%)

linearly decrease for Re" >Re),, while (Cy) remains almost constant (see Figs. 3.11a,
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3.11c and 3.11d). This indicates the presence of three-dimensional vortices in the other-
wise quasi two-dimensional flow. It can be seen from the profile in Fig. 3.11b that these
three-dimensional structures are mostly located in the region x > 0 where vortices are
strongly accelerated by the mean flow. Furthermore, since (C%) decreases more strongly
than (C7), one can conclude to less intense fluctuations on the top Hartmann wall and
to weak three-dimensionality that appears under the form of differential rotation along
the field Bye, at the scale of corresponding vortices (Sec. 2.2.3). A similar weakly three-
dimensional effect that however appears in the core flow has been identified by [54] and
[47] where the presence of Hartmann walls led almost two-dimensional vortices assume a
barrel or cigar shape. The decrease in (C4) also tells us that the flow in these structures
is not only slower on the top plate than on the bottom plate, but also shifted in phase
and frequency. In other words, the overall flow field u(z, y, z,t), even though mostly quasi
two-dimensional, is not strictly of the form u, (z,y,t)f(z) anymore as it exhibits strong
three-dimensionality in its fluctuating part (Sec. 2.2.3).

It is noteworthy that for Ha> 28.5, ReJp, is much larger than Re}; so three-dimensionality
appears well into turbulent flow regime V, whereas regimes I, 11, I1I, IV are strictly quasi

8/5 except for the lower values of

two-dimensional. Also, Rej,, scales approximately as Ha
Ha, Ha= 18 and Ha= 13.5. In these cases, the region of influence of the noise is extended
as signals are weaker, so one can’t tell whether the plateau (C]) = (C%) = 1 is reached for
Re’ <ReY,. On the other hand, for these low values of Ha, higher values of Re®/Ha®?
could be reached and a new regime appears at Re” =Re)), where both (C7) and (C3) stop
decreasing and stay constant for all Re” >Re) (see Fig. 3.11c and 3.11d). This behaviour
can be due to residual viscous friction, that transports momentum along €,. Furthermore,
since the electric current is injected at the bottom plate, the motion near the top plate is
mostly be induced by the motion near the bottom so they cannot be totally uncorrelated.
However, whether the second plateau would extend when Re® — oo can not be answered

here.

Lastly one should mention that [28]’s numerical simulations also show the appearance of
FEkman pumping because of local fluid rotation just above the Hartmann layer (Sec.1.2.3).
Figs. 3.5 (right column) illustrate that the related velocity component u,(z,y) is larger
where horizontal velocity gradients are important as strong fluid sources and sinks appear
in the core flow. It should be stressed that values of u.(x,y) could not be measured ex-
perimentally as it requires difficult bulk measurements which were not performed in the

frame of this work.
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3.6. Hartmann layer friction

The results presented in Sec. 3.2 show that the flow changes completely in nature and in-
tensity at the onset of regime ”V” where Re), =Re”. This indicates a sudden reallocation
of energy which can not be related to the appearance of three-dimensionality in the core
flow at Re, since Re,, >Re), (Figs. 3.1, 3.11). It may however indicate a variation in
the Hartmann layer friction which could indeed occur when the flow inside the Hartmann
layer changes from a laminar into a turbulent state (Sec. 1.2.2). In order to further check
this property we use thereafter in this section elements in the spirit of [45]’s experimental

investigation on the destabilisation of the Hartmann layer.

Our experiment is not made for flow measurements within the very thin Hartmann layer
nor for a global measurement of the dissipation as obtained in the experiment of [45].

We can however obtain a rough measure of the fraction of the injected energy that is
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015 3 m Ha = 28.5
. o0 Ha =36
@] ‘
0.1- regime V |
[a)
N
@]
0.05 |
: 9060366@0.@ [ foxe) WP@WOOQ 0%360. "eEn
) 100 | 200 R 500
RY =120 h

Figure 3.12.: anp = (a2 /Uy)? vs. Ry, = uM(6/v) for Ha= 28.5 and Ha= 36. Note that

M

u, and Ry, drops strongly at the onset of regime "V” and increases again

within regime "V”.

passed on to the almost quasi two-dimensional flow for Ha> 28.5 by monitoring the evo-
lution of aup = (aM /Uy)? vs. the Reynolds number Ry, = @ (6 /v) (recall that @ is the
maximum velocity in the profile along the diameter y = 0 (Fig. 3.2a)). In this regard
asp is analogous to the friction factor F' defined in [45] in the sense that it represents a
ratio between a velocity built on the forcing and a measured velocity (here @). Also,
as in [45], Ry, is built on the Hartmann layer thickness as well as on a velocity derived

from measurements of electric potentials and it controls the transition from a laminar to
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a turbulent Hartmann layer. [45] however measure their voltage across the whole channel
which gives them an average flow velocity, whereas our measurement corresponds to the
maximum velocity in the driving jet along €,. But in a sense, [45]’s and our Ry, reflect
the same physics, except that ours is local while [45]’s is global.

The idea of using asp is to show that the energy not transmitted to (@)? is either
dissipated or transmitted to the residual three-dimensional part of the otherwise mostly
quasi-two-dimensional flow. In short, a change in the Hartmann friction should reflect on
the evolution of asp.

Figure 3.12 presents the evolution of asp vs. Ry, for Ha= 28.5 and Ha= 36. For Ry, lower
than the critical value R} « 120 where the transition to flow regime "V’ occurs, asp
decreases almost linearly with Ry,. Since the flow is close to quasi two-dimensionality in
this regime, this essentially reflects joule dissipation in the Hartmann layers (or Hart-
mann layer friction). For Ry, >R§ = R}, asp suddenly drops. Here, the flow is still close
to quasi two-dimensionality as Re® <Re®” (see Fig. 3.11). This suggests that the extra
dissipation might come from a brutal change in the Hartmann layer friction, triggered by
a transition from a laminar to a turbulent Hartmann layer. It may certainly be objected
that the critical value Rf, « 120 is well below R§ « 380 found in recent experimental ([45])
and numerical ([33]) studies on rectangular duct flows. This however might be related to
the fact that local fluid rotation w,e, present above the boundary layer give the latter the
properties of a Hartmann-Boedwadt layer which is indeed much less stable than a simple
Hartmann layer as in [45, 33] (Sec. 1.2.2). Furthermore, our forcing mechanism is not the
same as in [45] and therefore triggers a different flow. While the flow in [45]’s experiment
is expected to be steady when the Hartmann layer destabilises, the flow in the present
work, although still close to quasi two-dimensionality, is already strongly turbulent, be-
cause of instabilities generated in the side layers (see Sec. 3.2).

For Ry, >>RX, asp decreases almost linearly with Ry, but with a gentler slope than at
low Ry, (Fig. 3.12). For these values of Ry, Re® >Re)), so three-dimensional perturbations
are also present that generate some additional Joule dissipation in the core flow on the

top because of the dissipation in the turbulent Hartmann layer.
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3.7. Conclusion

We have performed an experiment where a vortex pair confined by a circular wall was
created by injecting electric current into a thin layer of liquid metal perpendicular to an
homogeneous magnetic field B. Such a flow is known to be almost quasi two-dimensional
as physical quantities hardly vary along the field lines, except in the thin Hartmann
boundary layers at the walls perpendicular to the field B (see [64, 54]). Electric po-
tential measurements at these walls have been used to determine part of the mostly
two-dimensional flow field outside the Hartmann layers. Flow visualisations provided by
[28]’s numerical simulations based on the shallow water model of [54] and performed for
parameters similar to those in the experiments helped us to interpret different regimes
spanned by the system when the electric current is increased. It was shown that the
system undergoes a transition to quasi-2D turbulence through a sequence of supercritical
bifurcations that [28] found to bear important similarities to those observed in the wake
of a circular cylinder ([15]). Firstly, two recirculating regions appear behind the initial
vortex pair as the boundary layer on the circular wall separates in two symmetric points
(regime ”II”). Secondly the separated boundary layer becomes unstable and vortices shed
and are sucked into the jet between these initial vortices (regime ”I11”). When the forcing
Re? is increased, the flow quickly changes into the chaotic regime "IV”, as the shed vor-
tices are re-injected into the main flow making the latter more unstable. Although flow
characteristics in the cylinderwake are similar at the onset of regime "IV”, [28] found that
Re? spans a much larger interval in the previous regime "III” compared to the one for
the flow inside cylindrical container. Further insight into the analogy between these two
systems could be obtained by investigating their properties as dynamical systems. Such
a task was undertaken by [40] who has identified a clear scenario for the transition to
turbulence of a single vortex in a square box from two-dimensional DNS. It is worth men-
tioning that the frequency spectra and dynamical behaviour found in the present study
strongly resembles that found in theirs.

At higher injected electric current we have identified another transition in the quasi two-
dimensional flow patterns where the velocity profile along the centre diameter becomes
almost symmetric (regime ”V”). This regime was beyond the validity range of [54]" nu-
merical model so [28] could not provide exact flow patterns. Experimentally we noticed,
however, a drastic drop at Rey =Re} exactly, in the slope of aap = (@ /Uy)* vs Ry, Ry,
being the Reynolds number based on the thickness of the Hartmann layer, that points to
a likely transition to turbulence in this region.

Finally, we have checked the two-dimensionality of the system by calculating correlations
between electric potential gradients measured on the same magnetic field line, on the top
and bottom Hartmann walls enclosing the fluid layer. It turns out that for Ha> 28.5 the

main flow is very close to quasi two-dimensionality in all investigated regimes as correla-
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tions are nearly unity. This justifies interpreting electric potential gradients measured at
the walls as velocities just outside the Hartmann layer according to (2.4). When these
correlations are based on the flow fluctuations only, a sudden decrease appears well into
regime ”V” which we could show is due to both flow structures subject to differential rota-
tion along the field B, but still extending from the bottom to the top Hartmann wall (weak
three-dimensionality), and flow structures that are disrupted across the fluid layer height
(strong three-dimensionality) . This provides the first evidence of a transition between
quasi two-dimensionality and three-dimensionality in forced, wall-bounded liquid metal
MHD flows. Since this transition occurs well into regime V for Ha> 28.5, this also allows
us to be certain that regimes "7, ”II”, "II1” and "IV” are strictly quasi two-dimensional
and reflect two-dimensional dynamics. Clearly though, experiments performed in our
second experiment refine our understanding of such a flow transition mechanism as it is
particularly designed to study the appearance of three-dimensional in wall-bounded MHD
flows (Sec. 2.5 and Chap. 4).
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4. Experiment on the appearance of

three-dimensionality

In this chapter we single out the mechanism that explains the appearance of three-
dimensionality in wall bounded magnetohydrodynamic (MHD) flows where the magnetic
Reynolds number Rm is smaller than unity (Sec. 1.1). The results that we present here are
obtained from measurements on the experiment described in Sec. 2.5. It should further

be noted that the main content of this chapter is published in [29].

4.1. Introduction

Magnetohydrodynamic (MHD) flows intrinsically tend to two-dimensionality. They share
this feature with stratified flows and rotating flows such as those which appear in at-
mospheres and oceans. The mechanisms responsible for this two-dimensionalisation are
fairly well understood. In stratified flows, the relaxation of iso-density surfaces generates
waves that transport momentum across them [50]. This role is played by inertial waves
in rotating flows [22]. In MHD flows where the flow of an electrically conducting fluids is
subject to a magnetic field, the tendency to two-dimensionalisation along the field lines
results from the effect of the Lorentz force (Sec. 1.2.1). When this effect is dominant,
flows confined between walls can become quasi two-dimensional, as boundary layers still
develop along the walls. These boundary layers are called Hartmann layers in MHD,
sometimes also Hartmann-Bodewdt (or Hartmann-Ekman) if the fluid rotates above the
boundary layer (Sec. 1.2.2).

How three-dimensionality appears in such flows is however much less understood, although
crucial since it determines both turbulent and transport properties of these flows. Exam-
ples range from the dynamics of oceans and atmospheres which are stratified and rotating,
to liquid metal heat exchangers and the casting of liquid metals (MHD). In rotating and
in MHD flows, some weak three-dimensionality is known to be induced by local rotation
in the bulk of the flow generating Ekman recirculations (Sec. 1.2.3). These recirculations

leads to velocity variations along the rotation direction of the magnetic field [2, 54, 62]. In
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MHD, [64]’s heuristic theory also suggested that small scale vortices should disrupt into
strongly three-dimensional ones under the effect of inertia (Sec. 1.3.2). Recent numerical
simulations of ideal strictly two-dimensional MHD flows without Hartmann walls have
indeed shown that strong three-dimensionality appeared brutally when three-dimensional
perturbations became unstable, and sometimes led to two-dimensional/ three-dimensional
intermittency [74, 71]. In wall-bounded MHD flows however, the question when and un-
der which form (weak/ strong) three-dimensionality appears has remained unsolved, ever
since it was raised in the 60’s when the anisotropic properties of these flows started to
be systematically investigated [39]. In this chapter we bring an experimental answer to
it by analysing square arrays of vortices rotating along a strong magnetic field in a cubic
container, in the spirit of [62]’s experiment.

Thereafter in Sec. 4.2 we firstly present flow phase diagrams and related flow states in
steady and slightly unsteady flow regimes. And secondly, we explain when and how three-
dimensional inertial forces in these flow regimes induce a weak (differential rotation) and
strong (disruption) form of three-dimensionality in individual flow structures. The appear-
ance of weak and strong three-dimensionality in chaotic/turbulent flow regimes is singled
out in Sec. 4.3 and refined in Sec. 4.4 where we give an important law that describes
quantitatively how inertial effects select strongly three-dimensional flow fluctuations from

the flow related frequency spectrum.

Lastly we shall remind the reader of our experimental setup described in Sec. 2.5. The
experiment features a liquid metal filled cubic container of inner measure L = 0.1 subject
to the constant magnetic field Bpe,. The flow is generated by injecting constant electric
current I from one Hartmann wall, through either n = 100 or n = 16 electrodes, arranged
in a 10 x 10 or 4 x 4 square lattice of step L; = 0.0lm or L; = 0.03m. The electrodes
are alternately connected to either pol of a DC power supply. For low electric currents I
and high magnetic field strengths By this generates a base flow of respectively 100 or 16
cylindrical, quasi two-dimensional vortices of size L; x L rotating alternatively along e,
in a square array. The flow is controlled by the amount of the injected current I and the
strength B, of the imposed magnetic field, respectively measured non-dimensionally by
the Reynolds number Re® = 41 /(nmv(opr)/?) with Re® € [0, 1.3 x 10°] and the Hartmann
number Ha= LBoy[o/(pv)]*/? with Ha€ [364,18220]. Different flow states are identified
from local measurements of the electric potential ¢,,(t), on two identical sets of 196 electric
potential probes embedded in top and bottom Hartmann wall respectively. The presence

of three-dimensionality is determined by comparing these sets.
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4.2. QObserved flow states

In this section we report flow states that appear when the flow forcing measured non-
dimensionally by the Reynolds number Re® is increased. For all Hartmann numbers Ha
and lattice spacings (or vortex injection scale) L; € {0.01,0.03}m, the flow follows the
same sequence of regimes: at low Re® it is made of an array of steady vortices that
follows the geometry of the forcing. When Re® reaches a critical value of Re®(Ha) the
flow becomes unsteady. Steady and unsteady flow regimes in the (Ha, Re’) parameter
space are reported thereafter for lattice spacings L; = 0.0lm and L; = 0.03m on the
phase diagrams in Figs. 4.1,4.5 and Fig. 4.8 respectively. In both figures a "high” Ha and
a "low” Ha range clearly stand out. The "high” Ha range corresponds to regimes where
the transition from steady to unsteady flow states is controlled by the same parameter
R) =Re"/Ha for all cases of Ha, while the "low” Ha range comprises regimes where
values of RY depend on Ha. Lastly, we would like to remark that we also observed some
unexpected instability behaviour in the region of very high Ha for the larger injection
scale L; = 0.03m.

4.2.1. Flow states forced through 10 x 10 electrodes (L; = 0.01m)

Thereafter we present flow states observed around the transition to unsteadiness for Ha>
7500 and Ha< 7500, respectively denoted as "high” Ha and "low” Ha range in Fig. 4.1.
Related contours of iso-¢,, (iso-electric-potential) are visualised in the centre region of both
Hartmann walls in an area of 30 x 30mm? spanned by x € [30, 60jmm and y € [40, 70]mm
(see area enclosed by the green, doted line in Fig. 2.22). In this region, electric potential
¢ is measured locally on a dense grid of 121 electric potential probes. Finally note that
critical Reynolds numbers Re%, Re?; defined thereafter are not related to those used in
Sec. 3.2.

Flow states observed for high Ha (Ha> 7500)

In the steady regime Re’ <ReY)(Ha), contours of iso-¢,, lines at the bottom and top Hart-
mann walls represent the expected square array of steady alternately rotating vortices.
Each vortex has the transverse length scale [, « L; = 0.0lm and parallel length scale
[ = L = 0.1m as can be seen from Fig. 4.1a. Since iso-¢,, patterns in Fig. 4.1a are barely
distinguishable from one another it indicates that the flow is very close to quasi two-
dimensionality. This is also confirmed by time-averaged profiles of local electric potential
gradients (0y¢y,(z,y/L = 0.5,0,t)); and (Oy¢y,(x,y/L = 0.5,2/L = 1,t)); obtained along
the center line y/L = 0.5 at the bottom and top wall respectively (see black dashed line in
Fig. 4.1a). These profiles are almost identical as can be seen from Fig. 4.4a. Since quasi

two-dimensionality implies that relations (2.4) are valid, profiles of (9,¢,,); in Fig. 4.4a
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Figure 4.1.: Phase diagram for flows forced through an array of 10 x 10 injection elec-
trodes which corresponds to the injection scale L; = 0.01m. It gives critical
Reynolds numbers Re9(Ha), Re?,(Ha), Re},;(Ha) and Rel,(Ha) vs. Ha and
shows snapshots of iso—¢,, lines, obtained at the centre of bottom and top
Hartmann walls (area enclosed by green dashed line in Fig. 2.22). It should
be emphasized that Re}, represents the non-dimensional injected electric
current at the transition between nearly quasi two-dimensional and strongly
three-dimensional, turbulent flow regimes (resp. regime I and regime II in
Fig.4.11). The snapshots show iso-¢,, contours for Ha= 14580, representing
quasi-two-dimensional flow regimes: a) steady flow regimes (Re® <ReY), b)
flow regimes at the transition to unsteadiness (Re” ZReY), c) chaotic flow
regimes (Re” >ReY). Note that blue and red colours indicate the vortex
rotation in clockwise and anti-clockwise direction respectively.
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could be also interpreted as velocity profiles just outside the Hartmann layer. The pro-
files show that the absolute value of the velocity along e, would be highest in the centre

between the axes of two counterrotating vortices.

a) ‘ ‘ —bottom b) *b‘ottom
_ —top ; —top
S = 250
= =
~ N: O’ ¥
) >
o X
_ol = _ Iy
21re® = 2422 o 2VRe0 = 3071
Ha = 14580 Ha = 14580
0 20 40 60 0 20 40 60
time [s] time [s]

Figure 4.2.: Time evolution of electric potential fluctuations ¢! (t) = ¢, (t) — (Pw(t)):
obtained at (z/L = 0.5875,y/L = 0.5125) at both bottom and top Hartmann
wall for Ha= 14580. (a) periodic oscillation at the transition to unsteadiness,
Re? =Re" = 2422. (b) chaotic/turbulent flow regime for Re® = 3071 >Re?.
Note that signals taken at other locations yield similar results.

For forcing Re? >Re%(Ha) this flow becomes unsteady. Accordingly, a periodic oscilla-
tion appears in the time-dependent signal of recorded electric potentials ¢, (t) (Fig. 4.2a).
This results into a fundamental frequency f in the frequency spectrum that scales with
Ha according to f «~ Ha'/? (Fig. 4.3).
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Figure 4.3.: Hartmann number Ha wvs. fundamental frequency f that appears at the
destabilisation of the 10 x 10 vortex array at ReY. In the high Ha region
(Ha> 7500) f increases according to the law f «Hal!/2,
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These oscillations correspond to the connection and disconnection of iso-¢ lines from adja-
cent co-rotating vortices which points to the periodic formation of quasi two-dimensional
vortex pairs (Fig. 4.1b). [62] experimentally and [69] analytically show that the vor-
tex pairing process is indeed the main mechanism that appears when an initial steady,
square array of circular vortices destabilises. For higher forcing Re? >Re?, the flow be-
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Figure 4.4.: Time averaged profiles of electric potential gradients (0,¢.(z,0.5,0)), and
(Oy¢w(z,0.5, L)), along the centerline y/L = 0.5 (see Fig. 4.1a) and normal-
ized by UyBy, obtained at the bottom and top Hartmann wall respectively.
Left: steady flow regime Re® = 2047. Right: chaotic flow regime Re® = 3071.

comes chaotic, then turbulent (Fig. 4.2b)), but the contours of iso-¢,, as well as profiles
of (0y¢w(t)): at bottom and top walls remain almost identical (Figs. 4.1c, 4.4b), still in-

dicating quasi-two-dimensionality.

The physics in the high Ha range is therefore dominated by the effect of the Lorentz
force. It makes individual vortices of typical transverse size [, = L; over the time
mop(L;) = p/(0BE)(L/L;)* quasi two-dimensional before three-dimensional inertial ef-
fects can affect them (related time scales mop are given in Table 2.4). In this regime,
almost no electric current density remains in the bulk so that the flow experiences most
of its dissipation due to linear friction friction exerted by either Hartmann layers over
the Hartmann damping time 74 = L?/(2vHa) (Sec. 1.2.3 and Table 2.4 for related time
scales 7 ). This also implies that the dynamics of the flow in the high Ha range should
depend only on one non-dimensional control parameter RY which is defined according to
(1.69) as:

ReY(Ha) (L)’ Uy 21
R =L S0} owith ML) = Xm0 4.1
"~ " Ha Lo\ ) Witk (L) = =2 e ()

That R does control the flow dynamics in the high Ha range is confirmed as we found

that the 10 x 10 quasi two-dimensional vortex array destabilised when it reached the
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critical value RY) =ReY(Ha)/Ha= 0.164 (Fig. 4.1). In fact, R) in (4.1) is a local control
parameter since it is built on the amount of electric current locally injected per electrode
21 /n. Tt describes therefore the flow dynamics of a local quasi two-dimensional vortex
created above the corresponding injection electrode. RY does however not explain whether
the walls parallel to the imposed field Bpe, have an influence on the vortex dynamics and
its destabilistation or not.

In Sommeria’s experiment on the destabilisation of a 6 x 6 quasi-two-dimensional vortex
array though ([62]), the corresponding stability control parameter R5 is built on the total
amount of the electric current I and describes the global flow dynamic. This also implies
that the influence of the walls parallel to the magnetic field Bye, should reflect on the

value of Ry. Applied to the geometry of our experiment Ry is defined as:

e\ /2
Ry = (RQE) (4.2)
[62] found that his steady 6 x 6 array of vortices, each with dimension [, « I = 0.02m
destabilised when Ry reaches the critical value Ry = 1.78. Interestingly, even though the
vortices in our 10 x 10 array have with [, = 0.01m and /; = 0.1m different dimensions we
found that they destabilise at Ry = 1.8, very close to the value R = 1.78 for [62]’s 6 x 6
vortex array. Since both critical values are apparently almost identical one might think
that the presence of the side walls affects the destabilistion of the 6 x 6 and 10 x 10 vortex
array, if at all, similarly. Also important to notice is that thanks to comparable sets of
measurements on both Hartmann walls, we have been able to verify [62]’s assumption of

quasi-two-dimensionality in both steady and unsteady flow regimes.

Finally we should remark that no hysteresis has been observed around the transition
at Re® =ReY. However, in contrary to our small experiment we can not clearly conclude
to a supercritical nature of the instability (Sec. 3.4). The reason is that the strongly
chaotic bevaviour for slightly higher forcing Re? >Re? precluded us from tracking the
evolution of the amplitude of the first unstable mode with base frequency f versus the

critical parameter Re’/Re} — 1.

Flow states observed for intermediate Ha (3500 < Ha < 7500)

Flow states observed around the destabilisation of the 10 x 10 vortex array for intermedi-
ate Ha are significantly different to those observed for high Ha. In this Ha range, Lorentz
forces are weaker so that vortices generated in the vicinity of the bottom Hartmann wall
need longer times 7op(L;) to extend up to the top Hartmann wall (Table 2.4). This im-

plies that three-dimensional inertial effects become more important.
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Figure 4.5.: Top: magnification of the low Ha region of the stability diagram in Fig. 4.1.
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Bottom: related snapshots of iso—¢,, contours for 3500 < Ha < 7500 and Ha=
1822. Weak three-dimensionality under the form of differential rotation along
the axis of individual vortices is present for all Ha and in all regimes separated
by critical parameter Re?, Re?, and Re%,. Also strong three-dimensionality
appears for Ha= 1822: firstly, under the form of partial vortex pairing for
Re’ >Re? and, secondly, under the form of steady Giraffe-like vortices for
Re?, <Re® <ReY; (Sec. 4.2.1).



In the steady regime where Re’ <Re%(Ha), both bottom and top contours of iso-¢,,
still exhibit the topology of a square lattice of vortices. The intensity of ¢,, and the flow
however, is significantly lower in the vicinity of the top wall (Fig. 4.5a,b). This can be also
seen from corresponding profiles of electric potential gradients (9,¢,(t)): in Figs. 4.6a.b.
In other words, weak three-dimensionality under the form of differential rotation at the
scale of each vortex is present. Weak in this sense implies too that the structures that are
affected by this type of three-dimensionality still extend from the bottom to the top Hart-
mann wall, without disruption of iso-¢ surfaces in the core flow along the field lines Bye,

(Sec. 2.2.3). Since differential rotation is a direct consequence of more significant three-
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Figure 4.6.: Time averaged profiles of electric potential gradients (0,¢.(t)); along the
centerline x,y/L = 0.5 obtained on both top and bottom Hartmann wall
(see also Fig. 4.5a) and normalized by UyBjy, obtained at the bottom and
top Hartmann wall respectively. Top: steady flow regimes where Re® = 171,
for a) Ha= 7290 and b) Ha= 3644. Bottom: steady flow regimes where
Ha= 1822, for ¢) Re” = 171 and d) Re? = 512.

dimensional inertial effects in the intermediate Ha range one understands intuitively that
it appears progressively from high to lower values of Ha (Figs. 4.5a,b,d and Figs. 4.6a,b,c).
Weak three-dimensionality that appears under the form of differential rotation in individ-
ual vortices has been also observed in our small experiment where it is reflected in the
stronger decrease of the correlation factor (C}) compared to (C}) for forcing Re® >Red,,
(Sec. 3.5).

In this low Ha range, the transition to unsteadiness at Re” =Re?(Ha) is no longer con-
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trolled by RY = 274 /71,(L;)(L;/L)?* = 0.164, indicating a non-asymptotic regime that is
less dominated by the Lorentz force (Fig. 4.1). Vortex pairing however is still observable
for Re® > ReY(Ha), and flows near bottom and top walls remain topologically identi-
cal at all time, even though some differential rotation is present. As for regimes where
Haz 7500, the first unstable mode is periodic, but its frequency f no longer scales with
Hal/? (Fig. 4.3).

For Re? >ReY(Ha), the flow becomes more chaotic, but, remarkably, stabilises again when
Re’ =Re?,(Ha). In this regime, iso-¢,, lines in Fig. 4.5¢ show paired vortices at bottom and
top walls, although the flow is less intense near the latter, than near the former. In short,
this second steady regime is characterized by the presence of weakly 3D, steady vortex
pairs. This flow destabilises again at Re® > Re?,(Ha) > Re?, (Ha) where the vortex pairing
process resumes, but more erratically. Related time series of iso-¢,, contours obtained at
the bottom and top Hartmann wall show that their topology remains the same, however

the merging and disconnecting of iso-¢ lines between co-rotating vortices is more irregular.

" Giraffe” -like flow structures for lowest Ha= 1822

In the previous subsection it has been shown how inertial effects induce three-dimensionality
in flows that are less dominated by the effect of the Lorentz force. It is therefore not sur-
prising that three-dimensionality manifests itself most spectacularly in the case of lowest
Hartmann number studied here, Ha= 1822, creating yet another set of remarkable, novel

flow structures.

In steady flow regimes where Re’ < Re}(Ha) the flow is still made of a square array
of 10 x 10 vortices. Each vortex is subject to weak three-dimensionality in the form of
differential rotation, as observed in flow regimes where 3500 < Ha < 7500. The vortex
rotation rate near the top Hartmann wall however is even less intense, indicating stronger
differential rotation in individual vortices (see Fig. 4.5d and Fig. 4.6¢).

At the transition to the first unsteady regime Re” = Re}(Ha) though, oscillations in the
flow field are erratic, rather than periodic as for cases Ha> 3500. Furthermore, these fluc-
tuations are stronger near the top Hartmann wall than near the bottom Hartmann wall.
Corresponding contours of iso-¢,, in Fig. 4.5e are topologically not equivalent anymore,
indicating the appearance of strong three-dimensionality, on the top of weak-three dimen-
sionality (Sec. 2.2.3). The iso-¢,, contours show that the vortex pairing process in this
regime is indeed only apparent near the top Hartmann wall. This in turn indicates that
the top-end of vortices merge, while their bottom ends remain disjoint and almost steady
in the vicinity of the bottom Hartmann wall. In other words, strong three-dimensionality

appears as partial vortex pairing along the magnetic field lines Bpe,. This also implies
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that the horizontal velocity field is not of the form u, (z,y)f(2) anymore (Sec. 2.2.3).

Not surprising, strong three-dimensionality becomes even more blatant when Re” and
therefore the effect of inertia is further increased. At Re” = Re’,(Ha) where the flow
re-stabilises as for intermediate Hartmann numbers 3500 < Ha < 7500, this results into
remarkable, steady flow structures. These structures still display the mostly regular 10x 10
iso—¢,, pattern at the bottom Hartmann wall, indicating the typical square array of al-
ternately rotating vortices with transverse size [, =~ L;. Corresponding iso—¢,, lines
on the top Hartmann wall show an almost regular pattern too, but related vortices are
about twice as large (I, ~ 2L;) and arranged in a 5 x 5 array (Fig. 4.5f, recall again that
contours of iso-¢,, are plotted in the centre region of both Hartmann walls covering an
area of 30 x 30mm?). Furthermore, these large vortices clearly rotate more slowly than
the small ones in the vicinity of the bottom Hartmann wall, implying that the strongly
three-dimensional flow structures between top and bottom Hartmann walls are subject

to weak three-dimensionality too (Fig. 4.6d).

Figure 4.7.: Caricature of strongly three-dimensional and steady flow structures that ap-
pear for lowest values of Ha. The connection between the 10 x 10 vortex array
and 4 x 4 vortex array obtained at the bottom and top Hartmann wall might
be pictured as the appearance of Giraffe-like flow structures.

In order to be able to explain how the 10 x 10 vortex array connects to the 5 x 5 vortex ar-
ray it would require the visualisation of the flow between top and bottom Hartmann wall.
This however is not possible here so that we prefer to keep the picture of these steady,

strongly three-dimensional flow structures rather simple for now, and even caricature-like
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for amusement. This means that we term the connection between 10 x 10 and 5 x 5 vortex
array as the formation of Giraffe-like vortices. Each of these Giraffes is "standing” on
the bottom Hartmann wall with its feet "made” from sets of four, co-rotating vortices
which connect to one single vortex in the vicinity of the top Hartmann wall forming the
Giraffe’s corpus (Fig. 4.7).

At Re’ = Re);(Ha), this flow destabilises again resulting in periodic oscillations that

quickly become chaotic at slightly higher forcing.

4.2.2. Flow states forced through 4 x 4 electrodes (L; = 0.03m)

The flow states that undergoes the 4 x 4 vortex array are mostly similar to those of
the 10 x 10 vortex array. Individual vortices in the 4 x 4 base flow however have a
transverse size of [, « L; which is 3 times larger than in the 10 x 10 vortex array.
Again, a region of low Ha and a region of high Ha clearly stands out, but this time for
ranges of Ha< 1450 and HaZ> 1450 respectively. Furthermore, we encountered rather
unexpected instability behaviour when Ha > 3640. Lastly one should notice that flow
patterns presented thereafter are obtained from local electric potential measurements at

2

top (z = L) and bottom (z = 0) Hartmann wall in an area of 60 x 60mm® spanned by

z € [20,80)mm and y € [20,80]mm (area enclosed by the cyan, dotted line Fig. 2.22).

Flow states similar to the 10 x 10 forcing geometry for Ha< 3640

In this section we firstly describe the phase diagram of the 4 x 4 vortex base flow for the
range Ha< 3640, where a high and low Ha region clearly stand out again (Fig. 4.8). And
secondly, we point to similarities of related flow states to those that appear when the base
flow is made of a 10 x 10 vortex array (Sec. 4.2.1). It should be noted that values of the
critical parameter Re? used thereafter to distinguish between steady and unsteady flow

regimes are different to those given in Sec. 4.2.1.

For Re’ <Re%(Ha) the flow is steady and contours of iso-¢,, obtained at the top and
bottom Hartmann wall are topologically identical (Fig. 4.8a, b). They indicate a 4 x 4
array of alternatively rotating, almost quasi two-dimensional vortices, each with dimen-
sion [, = L; = 0.03m and [ = L. In the region of low Hartmann numbers though, the
flow is clearly less intense in the vicinity of the top Hartmann wall, thus indicating the
presence of weak three-dimensionality that appears under the form of differential rotation
in individual vortices (Fig. 4.8b). In fact, similar observations have been made in steady
regimes when the flow is forced through the 10 x 10 electrode array (Sec. 4.2.1). The
range of high Ha in Fig. 4.8 however extends to much smaller values of Ha than in the

10 x 10 case. This implies that the larger vortices in the 4 x 4 array are less prone to
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Figure 4.8.: Phase diagram for L; = 0.03m giving the critical Reynolds numbers Re?(Ha),
ReY,;(Ha), Re%, (Ha), Rel (Ha) and Rel,;(Ha) vs. Ha and snapshots of iso—g,,
lines, obtained at the bottom and top Hartmann walls. Flow regimes in low
and high Ha regions when Ha< 3640 are similar to those found for L; =
0.0lmm (Fig. 4.1). The sudden change in the flow state for Ha> 3640 should
be regarded with some reservation as the physical meaning of this behaviour
is unclear. Note again that blue and red colours indicate the vortex rotation
in clockwise and anti-clockwise direction respectively.
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three-dimensional inertial effects.

The vortex array destabilises at the critical forcing ReY(Ha) as a periodic oscillation of
base frequency f; appears in the spectrum of recorded electric potentials ¢, (z,vy, 2, t)
(Fig. 4.8 and Fig. 4.9a). f; varies with Ha, but we could not obtain a clear dependency
like the f « Ha'/? law found for fundamental frequencies at the destabilistation of the
10 x 10 array of quasi two-dimensional vortices. Related time series of iso—¢,, contours
however show periodic connection and disconnection of iso—¢,, lines in high Ha regimes
(1450 < Ha < 3640). This points again to the formation of quasi two-dimensional vortex
pairs (Fig. 4.8¢, [62, 69]). The corresponding local control parameter R =Re}(Ha)/Ha
has the value 1.78 (note that the local parameter RY = 1.78 found here should not be
mistaken for the global parameter Ry = 1.78 given in Sec. 4.2.1 for the 10 x 10 vortex
array). Since this value is about 10times larger than the control parameter R;, = 0.164
in the case of the 10 x 10 vortex array it indicates that the larger quasi two-dimensional
vortices in the 4 x 4 array are more stable against two-dimensional inertial effects. Al-
though less obvious, it seems that the parallel walls have a stabilising effect on these larger
vortices too as the related global control parameter Ry (4.1) has the value 2.36 and is
clearly greater than those found for an array of 6 x 6 and 10 x 10 quasi two-dimensional
vortices ([62] and Sec. 4.2.1 respectively).

In the low Ha regime and for the lowest case Ha= 364 though, the destabilisation of
the already weakly three-dimensional vortex array seem to be affected by strong three-
dimensional inertial effects. Although less clear, one might think that contours of iso-¢,,
obtained at both Hartmann walls are topologically not equivalent anymore (Fig. 4.8d).
While bottom iso-¢,, contours still indicate the square array of 4 x 4 vortices, the con-
tours obtained at the top seem to show paired vortices. In other words, we think that
these observations again point to strong three-dimensionality in form of partial vortex
pairing as observed for the 10 x 10 vortex array for Ha= 1822. The reason why this
effect occurs for the 4 x 4 vortex array only at much lower Ha= 364 possibly relates to
the scale-dependent Lorentz force which makes vortices with large [, over a shorter time
Top(l1) quasi two-dimensional than vortices with small 7, (1.40).

In Sec. 4.2.1 we have also demonstrated that three-dimensional inertial effects might be
responsible for flow re-stabilisation and even can create steady, strongly three-dimensional
Giiraffe-like structures. Although neither of these interesting effects could be rediscovered
in the low Ha range of the 4 x 4 vortex array it does not mean that they could not exist.
It is rather possible that we have missed them since we did not increase the forcing Re®
much above the critical value Re?. It would therefore be important to perform further

measurements in this regard.

116



Ha= 3280 Ha= 5470 Ha= 5470

a) '|—bottom b) ' c)
<_f [—top

Re® ZRe = 5608‘ ’Reo ZRell = 7070 ‘ ‘Reo ZRep, = 8956 ’

0 1 2 0 1 §. 2 0 B 2
fIH It fTH

Figure 4.9.: Spectra of time-dependent electric potential ¢, (z,y, z,t) at parameters a)
Re? >ReY and Ha= 3280, b) Re” >2ReY,; and Ha= 5470, c) Re’ ZReY,, and
Ha= 5470. These spectra are obtained along the same magnetic field line
Boe, at top and bottom Hartmann wall, on electric potential probes that
are located near the centre of the walls (note that spectra obtained at other
location yield qualitatively similar results). The amplitude A of oscillations
with fundamental frequency f;, fr;; and fy; is normalised by RevB, =
4Ty By with Ty = I/(nm(ovp)'/?) and n = 16. Again, the appearance of the
fundamental frequencies fy; for regimes where Ha> 3640 has to be regarded
with reservation as the physical meaning is unclear. This observation requires
further experimental validation.

Peculiar flow states for Ha> 3640

In the high Ha range 1450 < Ha < 3640, the initially steady flow of 4 x 4 quasi two-
dimensional vortices destabilises through periodic formation of vortex pairs at R, = 1.78.
For even higher Ha> 3640 however, the phase diagram Fig. 4.8 changes abruptly and the
overall picture becomes peculiar. Even if we are not able to give a clear physical inter-
pretation related to these unexpected observations, we still present them, also pointing
to the fact that they would need further, important experimental investigation.

Lastly, one should notice that indexes of critical values Re%;;, Re%,, Rel, defined there-
after are not related to those used in Sec. 3.2 to distinguish between different flow regimes

in the shallow cylindrical container.

For Re® <(min|ReY;;, Re;|) the flow is steady (Fig. 4.8). Related contours of iso—g,,
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show the same topology at the top and bottom Hartmann wall as in steady regimes
when 1450 <Ha< 3640, thus indicating the 4 x 4 array of quasi two-dimensional vortices
(Fig. 4.8a).

At Re? 2ReY;;(Ha), periodic, quasi two-dimensional vortex pairing sets in (see Fig. 4.8 and
related flow patterns in Fig. 4.8e). Accordingly, corresponding spectra of recorded elec-
tric potentials ¢, (z,y, z,t) exhibit a clear peak at fundamental frequency f;;; (Fig. 4.9b).
These observations are indeed similar to those that have been observed when the 4 x 4
vortex array destabilises at Re)(Ha) for 1450 <Ha< 3640. But, although Re?,,(Ha) lays
on a line with slope 1.62, not very different to the value 1.78 observed for ReY(Ha), it
is shifted to a lower value than Re%(Ha), by ARe? of order or 2000 (Fig. 4.8). In other
words, the quasi two-dimensional flow destabilises at much lower rotation rate of individ-
ual vortices in the 4 x 4 array when Ha> 3640 than for the range 1450 <Ha< 3640.

The vortex pairing process continues mostly periodically with fundamental frequency fr;;
until it almost stops for Re’ >Re%, (Fig. 4.8). Accordingly, the amplitude of the corre-
sponding oscillation A( f;;7) obtained at the top and bottom Hartmann wall is very small
(Fig. 4.9¢). Related times series of i8S0—¢,,(t) contours show merged iso—¢,, lines on top
and bottom Hartmann wall, indicating almost quasi-two-dimensional and nearly stabilised
vortex pairs (snapshot in Fig. 4.8f). In this flow regime one observes also periodic oscilla-
tions of higher fundamental frequency fi-; > fr;; and amplitude A(fy ;) > A(fr;7) in time-
dependent signals ¢, (x,y, z,t) (Fig. 4.9¢). In fact, these "high” frequency oscillations oc-
cur for each set of Ha in the range Ha> 3640 when the forcing Re® reaches the critical value
Re),;(Ha). Fig. 4.8 further shows that Re},;(Ha) ~ReY,,(Ha) when 3640 <Ha< 4740, but
Rel,;(Ha) <ReY, (Ha) and even ReY,;(Ha) <ReY;;(Ha) for Ha> 4740. In other words,
electric potential oscillations with "high” frequency fi-; can not exclusively be linked to
the appearance of almost steady vortex pairs.

At Re =Re}, the vortex pairing process resumes and the flow quickly becomes chaotic
for slightly higher forcing Re® >ReY,.

As already mentioned, the reader should regard the above presented observations with
some reservation, as we do in fact. The sudden change in the instability behaviour com-
pared to cases where Ha< 3640 indeed raises many questions. Up to now, we neither have
a physical explanation why the 4 x 4 vortex array destabilises at much lower forcing than
expected nor can we relate the appearance of "high” frequency oscillations to any phys-
ical effect with certainty. One may however speculate that these oscillations correspond
to small, quickly rotating vortices that have been generated in the vicinity of the side
walls due to boundary layer separation as in our other experiment (Sec. 3.2). In order to
confirm this and to be able to explain the overall instability behaviour in this Ha region

one would need to perform further important experimental and numerical work.
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4.3. Appearance of three-dimensionality in chaotic and

turbulent flow regimes

In this section we firstly explain how we obtain relevant quantities that characterize the
appearance of weak and strong three-dimensionality in flow regimes that are chaotic or
turbulent. And secondly, using these quantities we describe the link between inertia and

the appearance of three-dimensionality.

4.3.1. Quantities that characterize the appearance of

three-dimensionality

To single out the mechanism that explains the appearance of three-dimensionality in
chaotic or turbulent flow regimes we use spatially averaged correlations (C}) and (C%)
based on local electric potential gradients and the true interaction parameter N;(L;)
(1.39) built on the injection scale L;. Thereafter we explain how we obtain sets of these
quantities for injection scales L; € {0.01,0.03}m, Reynolds numbers Re” € [0, 1.3 x 10°]
and Hartmann numbers Hae {1092, 1822, 3644, 7290, 10930, 14580, 18220}.

Spatially averaged correlations (C’) and (C%)

In order to quantify the appearance of three-dimensionality and to distinguish between
weak and strong three-dimensionality we apply the correlation functions C; and C5 as
defined in Sec. 2.2.3, to time dependent electric potential gradients obtained at the
bottom (z = 0) and top (z = L) Hartmann wall at locations (z,y). Since the mean
flow is negligible compared to flow fluctuations in chaotic or turbulent flow regimes,
the correlations C; and C5 are built on fluctuations of the electric potential gradient
Vo, (x,y,t) = Vo (z,y,t) —(Vou(x,y,t)):, more precisely on local gradients 0, ¢/, (x,y, t)
(note that correlations built on 0,¢! (x,y,t) yield quantitatively similar results). Accord-
ingly we term these correlations € and C. In order to get a more global representation
of three-dimensionality we determine their spatial averages (C]) and (C%) which are built
on correlations locally obtained on the 10 x 10 grid of measurement points located in the
centre of the Hartmann wall (Fig. 2.22). Our flow forcing mechanism however induces
intrinsically some three-dimensionality in the vicinity of individual injection electrode as
can be seen from Fig. 4.10. Since we do not know how this local phenomenon might affect
our analysis on the global appearance of three-dimensionality, we excluded correlations
obtained close to individual injection electrodes from spatial averages (C7) and (C%) (for
more details read caption of Fig. 4.10).

Lastly one should mention that the ratio rg/x between the effective amplitude (RMS)

of fluctuations d,¢, and that of the noise is of the order of 10? in chaotic flow regimes.
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Figure 4.10.: Spatially averaged correlations (C}(r)), vs. distance r to an injection elec-
trode. Values of (C'(r)), are built on correlations obtained at the 10x 10 grid
of electric potential probes in the centre of the Hartmann wall (Fig. 2.22),
at fixed distances r € [0,6.25/mm and r € [0,20.35]mm from individual
injection electrodes for: a) forcing geometry 10 x 10, Re’ = 39240 and
Hae {18220,10930} and b) forcing geometry 4 x 4, Re’ = 74630 and
Hae {10930, 1822} respectively. Correlations obtained at measurement
points less than 3.5mm or 10.1mm from individual electrodes, for forcing
geometry 10 x 10 or 4 x 4 respectively, are excluded from spatial averages
(C1), (Cy) and (C(f,)). This eliminates the local influence of the flow forc-
ing mechanism on the global appearance of three-dimensionality analysed in
Sec. 4.3.2 and Sec. 4.4 respectively.

This implies that the error on local correlations C] and C is not larger than 1% (see

appendix A).

The true interaction parameter N,

To assess the link between inertia and the appearance of three-dimensionality we plot
spatially averaged correlations (C7) and (C%) thereafter in Fig. 4.11 against the true

interaction parameter N;(L;) which is built on the injection scale L;. According to (1.39)

Ni(L;) reads:
2 4
oB2L; [ L, Ha® [ L; 7w (L)
N(L) =22 = | === ]| =% 4.3
(L) u'p <L> Re(L) Top(L;) (4.3)

N;(L;) measures the relative influence of Lorentz to inertial forces in vortices with trans-

verse length scale [} = L; € {0.01,0.03}m. The quantity «' in the Reynolds number
Re= «/L;/v and the vortex turnover time 7,,(L;) = L;/u’ in (4.3) is a typical velocity
built on the spatial average of local RMS’s of corresponding moduli |0¢! (z,y,0,t)| =
(0,0"2(t) + 9.¢2(t))"/? obtained at the bottom Hartmann wall:
1/2
,_ WogLOP)")

u = B, . (4.4)
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To get v/, we firstly determine local values of |0¢. (x,y,0,t)| by interpolating between
measurement points of the 10 x 10 grid in the centre region (Fig. 2.22) to obtain a 20 x 20
grid with spacing Imm between points in the region spanned by x = [37.5 57.5]mm and

y = [42.5 62.5)/mm. And secondly, we calculate the corresponding spatial average to get
the quantity ((|9¢},(1)*);"?).

4.3.2. Appearance of three-dimensionality

In this section we single out the mechanism that explains how the subtle interplay between
inertial and Lorentz forces produces weak and strong three-dimensionality in chaotic and
turbulent flow regimes. To this end, we plot spatially averaged correlations (C7), (C%)
vs. the true interaction parameter Ny(L;) in Fig. 4.11. At this point it is also important
to recall again that values of (C7) below unity reflect strong three-dimensionality, while
(C?%) is smaller than unity whenever either weak or strong three-dimensionality is present
(Sec. 2.2.3).

Remarkably, the correlation diagram in Fig. 4.11 shows that all measurement points
collapse into two single curves for (C7(NVi(L;))) and (C5(N;(L;))). This proves that either
form of three-dimensionality (weak and strong) we detect here is exclusively of inertial
nature. Both (C7) and (C}) decreases with decreasing N;(L;) as stronger inertia gives
rise to perturbations that are less effectively damped by the Lorentz force. Fig. 4.11
however shows that (C}) < (C7) for all values of N;(L;). This implies that the flow is
always less intense in the vicinity of the bottom than on the top Hartmann wall, thus
indicating again the presence of weak three-dimensionality that appears under the form
of differential rotation in individual vortices.

The dynamics of this weakly three-dimensional flow however, is still mostly two-dimensional
when (C7) = 1. This is the case in regime I of the correlation diagram in Fig. 4.11, in the
range of high values of N;(L;). Accordingly, the topology of contours of iso-¢,, at the bot-
tom (z = 0) and top (z = L) Hartmann wall are almost identical and corresponding power
spectral density (PSD) of electric potential gradients 9,¢,, overlap over the full frequency
range (Fig. 4.11d). Towards the transition between regime I and regime II in Fig. 4.11,
N;(L;) approaches values close to unity and (C7) noticeably decreases, indicating the ap-
pearance of strong three-dimensionality. Since the correlation factor (C]) is about 0.93 at
this transition and still very close to unity, the appearance of strong three-dimensionality
remains small and the flow is still nearly quasi two-dimensional. Although small, the
appearance of strong three-dimensionality at the transition between those regimes can be
clearly seen when inspecting related topologies of iso-¢,, contours. They are not identical

anymore and one clearly identifies small structures of size [, that are generated near the
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Figure 4.11.:
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Top: Spatially averaged correlations (C]) and (C%) wvs. the true interaction
parameter N;(L;) =Ha?/Re (L;/L)* where the Reynolds number Re= u'L;/v
is based on the typical velocity u' obtained at the bottom Hartmann wall
and the injection scale L; € {0.01,0.03} m. Bottom: snapshots of iso- lines,
(a)-(d) and corresponding Power Spectral Density of iso-d,¢!, at bottom
(red) and top (green) Hartmann wall, normalized by (UyBy)?. Attention
should be paid too to the threshold between nearly quasi two-dimensional
flow regimes ("I"”) and strongly three-dimensional flow regimes ("II"”) that is
defined where (C) &~ 0.93. Tt is marked by the curve Red,,(Ha) in the (Ha,
Re") parameter space in Fig. 4.1 for L; = 0.01m. It should further be noted
that labels 717, ”II” and "III” have nothing in common with those used to
distinguish between flow regimes in our small experiment in Sec. 3.2.



bottom Hartmann wall but do not extend to the top Hartmann wall (Fig. 4.11c). Larger
vortices however remain nearly quasi two-dimensional as they are almost not affected by
three-dimensional inertia (Fig. 4.11c). This suggests defining a critical or cutoff vortex
size [{ which separates smaller, strongly three-dimensional vortices from larger, mostly
quasi two-dimensional ones. Because of the great precision with which time dependent
electric potential gradients J,¢,, are recorded, it is however easier to identify a related
cutoff frequency f. that separates slow, almost quasi two-dimensional, large scale fluctu-
ations from fast, small scale, strongly three-dimensional ones (see the PSD in Fig. 4.11c¢).
In regime II where 0.42 < N,(L;) < 4.5, (C) and (C%) almost abruptly decreases with
Ny(L;) Fig. 4.11. This is cleary different to the evolution of (C}) and (C%) in regime I
and one identifies a threshold that separates regime I from II. This threshold is plotted
in the (Ha, Re") parameter space at the non-dimensional injected electric current Re3,,
in Fig. 4.1, for injection scale L; = 0.0lm . Contours of iso-¢,, in Figs. 4.11c,b in this
regime II illustrate that the strong decrease of (C) and (C%) is induced by larger and
larger structures that are strongly three-dimensional as the Lorentz force becomes less
and less efficient against three-dimensional inertia. Accordingly, the cutoff frequency f.
shifts toward lower frequencies in the spectrum Fig. 4.11b.

A last regime, regime 111, has been identified for Ny(L;) < 0.42 where signals are almost
uncorrelated. Three-dimensionality still increases when N;(L;) decreases, though more
slowly than in the previous regime II. Related PSD in Fig. 4.11a show that strongly
three-dimensional inertia progressively contaminates the lowest frequency range so that
fe becomes very small. Accordingly, contours of iso-¢,, in Fig. 4.11a illustrate that al-
most no structure extends to the top Hartmann wall so hardly any flow is remaining
there. In other words, the flow in the cubic container is mostly three-dimensional and

quasi two-dimensionality might appear only in vortices that are larger than the box size L.

In summary, one may picture the transition from a mostly quasi two-dimensional flow
to a strongly three-dimensional flow through sequent regimes I, IT and III by the appear-
ance of strong three-dimensionality in vortices with transverse size [ that is, respectively
smaller than the injection scale L;, about the injection scale L; and larger than the injec-

tion scale L.
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4.4. Frequency-selective strong three-dimensionality

In Sec. 4.3.2 we have identified a cutoff frequency f. which is related to a critical vortex
size [] that distinguish between vortices of size [, that are strongly three-dimensional
(I < 19) and those that are mostly quasi two-dimensional (I, 2 [9). Accordingly,
fe separates slow, nearly quasi two-dimensional fluctuations from fast, strongly three-
dimensional ones in the spectrum (Fig. 4.11a~c). In this section we single out the link
between this frequency selective strong three-dimensionality and inertia by plotting f.(L;)
against the true interaction parameter N,(L;) for injection scales L; € {0.01,0.03}m. It
should be noted that related values of f.(L;) are obtained using the technique explained
in appendix B.

Fig. 4.12 shows that the link between frequency selective strong three-dimensionality

and inertia satisfies the law,
foo LT NP0 (L), (4.5)

to a great precision.
This important law provides a clear estimate for the minimum frequency f. of fluctuations
in the flow that are strongly three-dimensional. It is also in the spirit of [64]’s heuristic law
that gives the condition for the minimum vortex size [ that is still quasi two-dimensional
in a Hartmann wall-bounded, turbulent flow (Sec. 1.3.2). Using (1.98) and the superscript
()¢ instead of ()72, [64]’s law writes expressed in terms of the true interaction parameter
Ny(Ly):

15 >> LN, 3(Ly). (4.6)

Since we could not determine [ from our measurements because of the limit in spatial
resolutionit still remains an interesting and important task for future work to prove the

above heuristic law of [64] experimentally.

Fig. 4.12 shows too that cutoff frequencies f. could be obtained for all values of the
true interaction parameter Ny(L;), even in flow regimes where N,(L;) is large and signals
are almost fully correlated (see regime I in Fig. 4.11). Firstly, this points to the high
precision with which values of f. are determined using the frequency-filter-technique ex-
plained in the appendix B. And Secondly, even more important, it indicates that strongly
three-dimensional fluctuations appear not abruptly, but, like weak three-dimensionality,
progressively when inertial forces becomes increasingly more significant compared to the
Lorentz force. However, whether the latter finding is a general physical mechanism at
the transition between quasi two-dimensional and strongly three-dimensional flows needs

further experimental and numerical confirmation.
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Lastly, since the state of turbulent fluctuations, either strongly three-dimensional or quasi-
two-dimensional depends only on N; = 7/ (1, )/72p(l1), and therefore on the times scales
Tw and Typ, a similar law to our experimental law f. -« Nf /3 should hold too in other,
non-MHD flows with a tendency to two-dimensionality, albeit with a different expression
for mop (]29]).
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4.5. Conclusion

We performed a magnetohydrodynamic (MHD) experiment to single out the mechanism
that explains how and under which form three-dimensionality appears from initially quasi
two-dimensionally, in flows bounded by physical walls. Answering this fundamental ques-
tion is crucial not only from the scientific point of view, but bears too critical consequences
in practical situations: in liquid metal heat exchangers or metal casting processes, for in-
stance, where three-dimensional flows are preferable to quasi two-dimensional ones to
enhance heat and mass transport and favour homogeneous mixing.

Our experiment was purposely designed to create individual vortices of size [; that can
either assume a quasi two-dimensional or a three-dimensional state, depending on whether
their two-dimensionalisation time 75p (1)) is much smaller or comparable resp. larger to

their inertial time scale 1 (1)).

The flow in a liquid metal filled, cubic container subject to the magnetic field Bye,
was forced by injecting constant electric current I from one wall perpendicular to Bye,
(Hartmann wall) through electrodes arranged in a square array with spacing L; and al-
ternatively connected to either pol of a DC power supply. For strong fields By and weak
electric current I this forcing is known to produce a base flow of a steady, quasi two-
dimensional vortex array with individual vortices of size [; ~ L; rotating in alternate
direction along B ([62]). Depending on the strength of I and By, respectively expressed
non-dimensionally by the Hartmann number Ha and Reynolds number Re?, the flow un-
dergoes different states in which weak and strong three-dimensionality in individual flow
structures of size [ appeared too, always when corresponding three-dimensional inertial
forces become of comparable strength with the Lorentz force (1op(ly) 2 7(11)). Electric
potentials ¢,, measured locally on either Hartmann walls monitor both flow characteristics
outside thin Hartmann layers that shape along the Hartmann wall and the appearance

of three-dimensionality.

For high Ha and in steady regimes we found that the flow assumes the expected square
array of quasi two-dimensional, alternatively rotating vortices [62]. For all values of Ha
in that range this flow destabilises at the same critical parameter R) =Re®/Ha= cst. into
typical, periodic vortex pairing that occurs along the field B over the full container height
([62, 69]). For low Ha however, three-dimensional inertial forces are more significant so
that the steady vortex array is not strictly quasi two-dimensional anymore, but subject
to a weak form of three-dimensionality that appears as differential rotation in individ-
ual vortices. The vortex pairing process still occurs over the full box height when this
weakly three-dimensional vortex array destabilises, but at critical parameters R (Ha) that

depends on Ha. For very small Ha though, we identified the appearance of strong three-
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dimensionality as the pairing process at critical parameters RY (Ha) appears only partially
along the field B. Remarkably in this low Ha range, at forcing slightly higher than critical
values of R} (Ha) the vortex pairing process stops abruptly resulting into either steady,
weakly three-dimensional vortex pairs for intermediate Ha or, most spectacularly, in the
appearance of steady, strongly three-dimensional, Giraffe-like structures for a very small
Ha.

To quantify the appearance of weak and strong three-dimensionality in chaotic and tur-
bulent flow regimes we analysed correlations of fluctuations of electric potential gradients
0y ¢!, (t), between pairs of measurement points aligned opposite each other on top and bot-
tom Hartman wall. How either form of three-dimensionality are linked to inertial forces
was singled out by plotting spatially averaged correlations against [68]’s true interaction
parameter N;(Li) built on vortices with size [; = L;. This showed us that the effect of
inertia induced always weak three-dimensionality under the form of differential rotation
in individual vortices, but progressively less towards large values of N;(Li). Strong three-
dimensionality in individual vortices with 7op (1) 2 7i7(11) occurs also less towards large
N, (Li). This indicates that the critical vortex size [ that separates small, strongly three-
dimensional vortices (I, < 1) from large, mostly quasi two-dimensional ones (I; 2 [9)
increases also with Ny(L;). A related cutoff frequency f.(N;) has been identified from
corresponding spectra of fluctuations 0,¢),(t) separating respectively fast, strongly three-
dimensional fluctuations from large, mostly quasi two-dimensional ones. The link between
inertial forces and this frequency-selective strong three-dimensionality could be quantified
by the important law f. « Nt2/ ° in the spirit of [62]’s heuristic law 5 « Ntfl/ ?. The law
fe o Nf/ 3 may also apply to other flows with tendency to two-dimensionality such as

stratified and rotating flows which appear in atmospheres and oceans.
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General conclusion

The physics of magnetohydrodynamic (MHD) that imposes tendency to two- dimension-
ality in liquid metal flows is of general interest. Since rotating or stratified flows in
geophysics and astrophysics have the same tendency, it helps understanding them by
studying fundamental MHD problems at the laboratory scale. MHD effects are impor-
tant too in practical applications involving molten metal like in the steel casting industry
or in the blankets of future nuclear fusion reactors. In all these situation it is crucial, but
often unclear when and under which form inertial forces induce three-dimensionality as

well as how flows are affected by the presence of walls.

In this dissertation we addressed the above key issues by performing two MHD labo-
ratory experiments at the fundamental level. Both experiments featured a liquid metal
flow subject to a homogeneous magnetic field Bpe, and bounded by physical walls. In the
smaller one of these experiments the flow was confined by the walls of a shallow, cylindrical
container of height 0.005m and the field Bye, pointed along the cylinder axis. This design
favours quasi two-dimensional flows, hence flows that are invariant everywhere across the
shallow fluid layer (i.e along Bge,), except in thin Hartmann layers that develop along

the walls orthogonal to the field (Hartmann walls).

Unlike this experiment aimed mostly at quasi two-dimensional flows, our other, larger
experiment was designed not shallow but cubic with inner edge 0.1m, to promote the
appearance of three-dimensionality too. In both experiments, the liquid metal was forced
by injecting DC electric current locally, through electrodes that are embedded in one
Hartmann wall. This created a base flow made of a vortex pair in our small and a
square array of vortices in our large scale experiment as in [62]. Flow characteristics at
different intensities of the forcing and magnetic field as well as the appearance of three-
dimensionality were determined by measuring the electric potential ¢, on the Hartmann
walls that confined the liquid metal from the top and from the bottom. In this disser-
tation we distinguish between a weak and a strong form of three-dimensionality. Weak
three-dimensionality implies that corresponding flow structures are almost strictly quasi
two-dimensional but subject to differential rotation along Bye,, whilst strongly three-

dimensional flow structures do not anymore extend from the bottom to the top wall.

The mostly quasi two-dimensional flow in the shallow container was found to undergo
a sequence of supercritical bifurcations to turbulence, triggered by boundary layer sepa-
ration from the circular wall at the back of the initial vortex pair. Interestingly, subsequent

flow regimes bore also some analogies to those that appear in flows around a cylindrical
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obstacle [28]. To shed more light into these analogies however, it calls now for further
experimental and theoretical analysis. This applies also to observations made at the onset
of the last identified flow regime ”V” where the turbulent flow, still mostly quasi two-
dimensional, brutally changed its character and experienced a sudden extra dissipation.
We suggested that the extra dissipation might be linked to the transition from a laminar
to a turbulent Hartmann layer. Furthermore, we provided first evidence for the appear-
ance of weakly and strongly three-dimensional flow structures in the otherwise mostly
quasi two-dimensional flow by calculating correlations between fluctuations of the elec-
tric potential gradient 0,¢!, obtained on the same magnetic field line, on top an bottom
Hartmann walls.

At this point we shall recall again that we initially aimed at using this experiment for
test purposes only. But thanks to its further important development we could use it too

to study the above interesting MHD effects.

The main task of this dissertation was however to clarify experimentally how the in-
terplay between inertia and the Lorentz force induces three-dimensionality in complex,
wall-bounded MHD flows where the presence of Hartmann layers precludes strict two-
dimensionality. We answered this important question by analysing a vortex array in a
cubic container where we controlled the strength of inertia and Lorentz force respectively
by the intensity of the forcing and the imposed magnetic field Bpe,. If the intensity of
the latter was high, the forcing produced nearly quasi two-dimensional vortices in steady
and slightly unsteady regimes similar to what [62] observed. However, in regimes where
the field Bye, was small, the Lorentz force could not maintain quasi two-dimensionality.
Accordingly, inertial forces induced weak and strong three-dimensionality in individual
vortices, manifesting itself most spectacularly in the appearance of steady, Giraffe-like flow
structures (Fig. 4.7). The link between inertia and the appearance of three-dimensionality
in chaotic and turbulent flow regimes was even more subtle. Simply speaking, the effect of
inertia selected small, quickly rotating flow structures by making them both weakly and
strongly three-dimensional, whilst large, slowly rotating flow structures remained nearly
quasi two-dimensional as mostly controlled by the effect of the Lorentz force. In this re-
gard probably most importantly, we could quantify this selecting mechanism by a related
cut-off frequency f. that separates quasi two-dimensional from strongly three-dimensional
flow fluctuations in the frequency spectrum according to the law f. « Nt(LZ-)Q/ 3. N, being
the true interaction parameter based on the vortex injection scale L; ([68]).

The above results indeed show that "only” by the use of electric potential measurements
on either Hartmann walls we were able to propose an excellent, experimental answer to
the question of how three-dimensionality appears in wall-bounded MHD flows. The shape
of corresponding three-dimensional flow structures between the two Hartmann walls re-

mained however unclear so that this opens now the scope for further research. To assess
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this issue and to refine our picture of the appearance of three-dimensionality it requires
important bulk measurements, to obtain velocities u, (z) and u,e,. Intrusive electric po-
tential measurements for instance, or too acoustic waves emitted by ultrasound probes
([9]) could provide these three-dimensional information of the flow. Corresponding mea-
surement systems may be implemented in a new side plate that, because of the modularity
of the experiment, can be swapped easily with another one previously used in the set-up.
Before however performing such difficult bulk measurements one may already shed some
light into flow region between either Hartmann walls by analysing recorded sets of electric
potentials measured on walls parallel to the imposed field Bye, (Fig. 2.22). This might

give some insight into the shape of flow structure near the wall outside the parallel layer.
Lastly we shall recall that the results of both the small scale and the large experiment have

been recently published in ” Experiment on a confined electrically driven vortex pair” [28]

and ” Appearance of three-dimensionality in wall-bounded MHD flows” [29] respectively.
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A. Influence of noise on signal

correlations

Three-dimensionality in chaotic and turbulent flow regimes is quantified using the cor-
relation functions C1(S7(t), Sp(t)) and Cy(Sr(t), Sp(t)) as shown in Sec. 2.2.3. Though
filtered to attenuate background electronic noise, signals Sp(t) and Sg(t) still contain noise
of about « 2,V peak to peak which is mostly internal noise generated by the measure-
ment system. The noise induces an error in values of Cy(Sr(t), Sp(t)) and Co(St(t), Sp(t))

which we shall estimate thereafter.

Measured signals Sp(t) and Sg(t) can be decomposed as follows:
Sr(t) = Sp(t) + Nr(t)  and  Sp(t) = Sp(t) + No(t) (A1)

where S%(t) and S%(t) are flow related, time-dependent quantities while Ny (t) and Np(t)
represent the noise captured in signals obtained at the bottom and top respectively. Com-

bining (A.1) with (2.6) yields respectively:

k

> |40+ V(e | 8960 + Ne(e)

0

O = ;: 2 : and,
5B(t) + Na(t) s20) + N ()
- > {s%m)k 8| [ 8800 + Nl N
> SB(t) + Nae)

In the following we restrict our analysis to the correlation function C, but the same ap-

proach applies also to the function Cj.

We assume here that flow related quantities and the noise generated by the measurement

system are intrinsically not correlated to each other. This implies that for large enough
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k k k
number of measurement samples ZS%(ti)NB(ti) =2 ZS%(ti)NT(ti) S ZS%(ti)NT(ti) S

i=0 i=0 =0
k
ZS%(ti)NB(ti) = 0 and (A.2) modifies into:
=0
k k
> SE(t)SH(E) + > SH(t:)SH(t:)
0, = i=0 i=0 (A.3)
k k
(1+ar+ap+ aTaB)Z(NB(ti))Q (N7 (t;))?
i=0 i=0
k

where ap = Z ))?/ Z (S2(t;))? is the ratio between the effective amplitude (RMS)

of the noise and the Slgnal respectlvely near the top wall and, accordingly
k

ap = Z(NB(ti))Q/Z(ng)}(ti))2 the ratio near the bottom wall. Using Taylor series the
i=0 -
term 1/+/(1 4+ ar + ap + arag) can be approximated to (1 — (ar +ar +arag)/2), and,

since arap << ar,ap relation (A.3) can be simplified into:

( ;SB(ti)ST(ti) ;NB(ti)NT(ti) ) .
Gr= k k * k k (1 B 2 )
S (S SH || (500D (550

+O <C¥T, (IB, O[TOéB>(A.4)

where the first term on the right denotes the signal correlation C{(S%(t), S%(t)) that is
unaffected by the noise. The second term in (A.4) quantifies the correlation between the
noise. Since cross channel noise is a well known effect in electronics we can not exclude
this effect from our analysis. When further simplifying relation (A.4) and dropping second

order terms it yields:

ZNB(ti)NT(ti)
Oy = 09(1 _ 4B ; Ay =0 (A.5)
ZSO( i) S (ti)
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Accordingly, when applying the above approach also to Cy(Sr(t), Sp(t)) one finds:

k
> Na(ti)Nr(t;)
Cy = 03(1 —ag+ =

%
ZS%(E)S%(E)

(A.6)

The last two terms in the brackets in relations (A.5) and (A.6) correspond to the relative
error on correlations C and C5 induced by the presence of noise. On the one hand, C}
and C, are affected by ”signal to noise” ratios rg/y = 1/ap and rg/n = 2/(ap + ar)
respectively. If rg/y is small, for instance rg/y = 5, it induces a maximal error of about
20% in the correlation factor, provided that the noise itsself is uncorrelated and the third
term in relations (A.5) and (A.6) vanishes. On the other hand, if the noise Np(¢;) and
Npg(t;) between channels is correlated it would artificially increases the correlation be-

tween signals Sr(t) and Sp(t).
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B. Determination of the cutoff

frequency f,

In Sec. 4.3.2 we have identified a cutoff frequency f. that separates quasi two-dimensional
fluctuations from strongly three-dimensional ones (Fig. 4.11¢, Fig. 4.11b and Fig. 4.11a).
In this section we explain how we obtain f. for or a given true interaction parameter

Ny(Ly).

In order to calculate f. precisely, we firstly apply a low-pass filter with variable cut-
off frequency f, in the range € [0.01,20]Hz, to time series of local electric potential
gradients 0,¢.,(z,y,0,t) obtained at the bottom Hartmann wall. This gives us a set
of frequency filtered signals 9,¢7" (z,vy,0,t, f,) (note that for each set we vary f, in
steps Af, € [0.01,0.1] Hz). Secondly, for each value of f, we calculate the local cor-
relation factor Cf(f,) between the frequency filtered signal 9,4/ (x,y,0,t, f,) and the
unfiltered signal obtained along the same magnetic field line on the top Hartmann wall
Oy¢.,(z,y, L, t) (recall again that the correlation function C] quantifies the appearance of
strong three-dimensionality). We then spatially average local functions C1(f,) taking the
same measurement points on which spatial averages (C7) and (C%) in Sec. 4.3.2 are based
on (see also explanations to Fig. 4.10). This gives us the more global function (C}(f,))
shown for N;(L;) = 0.12 and Ny(L;) = 692 in Fig. B.1 and Fig. B.2 respectively. The
cutoff frequency f. corresponds to the value of f, where the function g(f,) = (C{(f,)) is
maximum. Power Spectral Density of related frequency filtered and unfiltered quantities
plotted in Figs. B.1a, b, ¢, d show indeed that this maximum evaluates f. very well.
For low-pass filter frequencies f, < f., strongly three-dimensional but also fraction of
quasi-two-dimensional fluctuations are removed from the spectrum of 9,¢"(x,y,0,t, f,)
(Fig. B.1b). Accordingly, the value of the corresponding correlation factor (Ci(f,)) is
small (Fig. B.1). The function (C}(f,)) increases with increasing f, and reaches a maxi-
mum at f, &~ f. where the spectrum of 9,¢//"(z,y,0,t, f,) contains quasi-two-dimensional
fluctuations only (Fig. B.1c). When further increasing the filter cutoff frequency in the
range f, > f., one progressively adds strongly three-dimensional fluctuations to the bot-
tom signal 9,97 (0,t, f,) and therefore the correlation factor (Cy(f,)) decreases.

The above described technique applies still to flow regimes where the interaction parame-
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Figure B.1.: Determination of the cutoff frequency f.. Top: spatially averaged correla-

tion function (C}(f,)) vs. cutoff frequency of the filter f, for our smallest
Ny(L; = 0.0lm) = 0.12. (C'(fp,)) is built on local correlations between
frequency filtered bottom signals 9,¢"(z,y,0,t, f,) and corresponding un-
filtered top signals 0,¢! (z,y, L,t). Bottom: Power Spectral Density of un-
filtered top signals and related bottom signals: a) unfiltered. b) filtered with
fp < fe. c) filtered with f, = f. = 0.14Hz. d) filtered with f, > f.. The
flow related cutoff frequency f. corresponds to the maximum of the function
(C1(fp))- Note that weak three-dimensionality that appear under the form of
differential rotation in individual vortices can not be noticed as corresponding
spectra are normalized by the their largest frequencies in the spectrum)

ter Vy(L;) is high. Flow fluctuations in such regimes are mostly quasi two-dimensional over

the full range of the frequency spectrum and the fraction of strongly three-dimensional

ones is almost negligible. Although the maximum of the function C{(f,) is less noticeable

in such regimes, we could still identify a flow related cutoff frequency f., even for our
highest N;(L;) = 692 (Fig. B.2).
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Figure B.2.: Determination of the the cutoff frequency f.. Spatially averaged correlation
function (C1(f,)) vs. cutoff frequency of the filter f, for our highest N;(L; =
0.03m) = 692. Our precise analysis allows us to identify a cutoff frequency
fe, although the strongly three-dimensional part of the spectrum of flow
fluctuations is almost negligible.
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Experiment on a confined electrically driven vortex pair
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An experimental study of the transition to turbulence in a confined quasi-two-dimensional magnetohydro-
dynamic flow is presented. A pair of counterrotating vortice is electrically driven in the center of a thin
horizontal liquid metal layer, enclosed in a cylindrical container and subject to a homogeneous vertical mag-
netic field. When the forcing is increased, the pair is displaced away from the center. Boundary layer separa-
tions from the circular wall appear that trigger a sequence of supercritical bifurcations. These are singled out
in numerical calculations based on our previously developed shallow water model as well as in the experiment,
and these bifurcations are shown to resemble those observed in flows past a cylindrical obstacle. For the
highest forcing, the flow then ends up in a turbulent regime where the dissipation increases drastically, which
we could relate to a possible transition from a laminar to a turbulent Hartmann boundary layer. Finally we
show the first experimental evidence of a transition to three-dimensionality in liquid metal magnetohydrody-
namics (MHD) by comparing velocity measurements on either horizontal sides of the layer as we find that

columnar vortice wobble for a high enough forcing.

DOI: 10.1103/PhysRevE.79.016304

I. INTRODUCTION

We are interested in the transition to turbulence induced
by the presence of a wall in quasi-two-dimensional flows. In
applications, boundaries are often responsible for the devel-
opment of turbulence. Their role is, for example, crucial in
the dynamics of wings or flying objects where boundary
layer separations initiate vortex shedding and subsequent tur-
bulent patterns that, in turn, determine lift and drag forces.
The complexity of theses flows makes them difficult to in-
vestigate experimentally and very costly to tackle numeri-
cally. In this regard, quasi-two-dimensional flows in simpler
configurations allow us to easily reproduce some elementary
properties of the transitions phenomena that occur in real
configurations and to understand the two-dimensional part of
their dynamics. This is why a large number of studies have
been dedicated to the very generic quasi-two-dimensional
separated flow past a circular cylinder (see Refs. [1-3] for a
review of numerical work on boundary-generated two-
dimensional turbulence). These flows are, to a large extent,
determined by how single vortice or vortex pairs interact
with walls so it is essential to understand the dynamics of
such a reduced system. There has been number of studies
around this theme and one can cite two that are closest to our
purpose: Ref. [4] demonstrated some elegant visualization of
the vortex-wall interaction in liquid metal magnetohydrody-
namic (MHD) flows and Ref. [3] recently performed numeri-
cal simulations of a forced vortex at the center of a square
box. They exhibit a transition to turbulence through a se-
quence of supercritical bifurcations that leads to a chaotic,
then turbulent state, as in the case of the cylinder wake. In

*Also at: Applied Mathematics Research Centre, Coventry Uni-
versity.
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the present work, we aim at reproducing such a boundary
induced transition to turbulence experimentally and analyze
it, by studying a forced vortex pair confined in a circular
domain.

Since a purely two-dimensional flow cannot be achieved
experimentally, we wish to put a particular emphasis on the
measure of residual three-dimensional effects and their con-
sequences on the quasi-two-dimensional flow. To this end,
we study a flow in a thin layer of liquid metal under an
externally imposed, transverse magnetic field, as in Ref. [4].
This offers a simple way of reproducing a flow with two-
dimensional dynamics. In such a laboratory scale configura-
tion, the feedback action of the flow onto the magnetic field
is neglected in the frame of the quasi-static approximation
(Ref. [5]). The main effect of the Lorentz force is then to
damp velocity variations along the magnetic field lines. If
this transverse magnetic field is strong enough, the resulting
flow is quasi-two-dimensionality in the sense that physical
quantities do not vary across the layer except in the vicinity
of the walls that confine it, where so-called Hartmann bound-
ary layers develop because of the nonslip condition (see, for
instance, Ref. [6]). Because of this particular flow structure,
several small but important laboratory MDH experiments
have been built where a layer of liquid metal held between
two parallel planes is used to obtain an experimental realisa-
tion of quasi-two-dimensional flows. Among them, Ref. [7]
has provided an experimental evidence of the two-
dimensional inverse energy cascade that characterizes two-
dimensional turbulence. References [8,9] experimentally and
Ref. [10] numerically have studied the quasi-two-
dimensional wake of a circular cylinder and identified the
usual regimes found in the hydrodynamic case. In none of
these studies, however, was the actual limit of the quasi-two-
dimensionality assumption examined, although more general
studies have proposed theoretical scenarios for the transition
between quasi-two-dimensional and three-dimensional flows

©2009 The American Physical Society
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(see Refs. [11,12]). This question is crucial in order to quan-
tify the relevance of MDH flows in thin layers to two-
dimensional flows. We shall therefore address it by calculat-
ing the correlations between velocities measured on either
side of the fluid layer, just outside of the Hartmann layers as
in Ref. [13] where the progressive elongation of a single
pulsed vortex subject to a magnetic field was measured. This
will allow us to determine whether the observed flow prop-
erties are influenced by three-dimensional effects or not.

Our experiment features an horizontal shallow fluid layer
enclosed in a cylindrical container in a vertical magnetic
field imposed by permanent magnets. A pair of counterrotat-
ing vortice is generated by injecting constant electric current
through two point electrodes embedded in one of the hori-
zontal, electrically insulating walls as in Refs. [7,4]. The
flow characteristics are identified for different values of mag-
netic field B and injected current /. This is done using both
numerical simulations from the shallow water model of Ref.
[14] and local measurements of electric potential to deter-
mine the velocity just outside of the Hartmann layers (e.g.,
Ref. [15]). We first present numerical calculations and the
main flow patterns in Sec. II. In Sec. III A, we describe the
experimental setup and the measurement techniques. The ex-
perimentally observed flow regimes are presented in Sec.
III C and compared to the regimes found numerically in Sec.
II. In Sec. III E, we characterize the bifurcations observed at
the transition between these flow regimes. Finally we discuss
the presence of three-dimensional effects in all observed flow
regimes in Secs. III F and III G.

II. THEORY
A. Basic equations

The configuration of interest is that of a liquid metal (vis-
cosity v, density p, and electric conductivity o) in a cylin-

drical container of height a=5 mm and radius R=20 mm
plunged in a steady homogeneous magnetic field B directed
along the cylinder axis so that B=B,é,. The walls of the
container are electrically insulating and the flow is driven by
connecting the two poles of a current generator to two me-
tallic electrodes (diameter d,=1 mm) embedded in the bot-
tom plate at locations (0,d,0) and (0,-d,0) (see Fig. 6),
where the origin is taken at the center of the bottom plate of
the container. It is known from Ref. [11] that when the mag-
netic field is strong enough, the flow is invariant along the
magnetic field lines, except near the wall orthogonal to the
field where Hartmann layers with an exponential velocity
profile develop. The Lorentz force then acts indirectly on the
flow by shaping those layers, which in turn exert a linear
friction on the resulting quasi-two-dimensional flow. The
flow is now well described by two-dimensional motion equa-
tions obtained by averaging the full three-dimensional equa-
tions along the magnetic field lines, as in Ref. [11]. This
model will thereafter be referred to as SM82. In the present
cylindrical geometry, the high curvature of the streamlines,
however, induces some strong inertial effects that disturb this
simplified picture: Ref. [14] has indeed shown that strong
rotation triggers a local Ekman pumping that leads to impor-

PHYSICAL REVIEW E 79, 016304 (2009)

tant velocities along the magnetic field lines. Although quasi-
two-dimensionality may still be achieved in the sense that
the horizontal velocities in the core flow are still invariant
along the magnetic field lines, these secondary flows lead to
a significant redistribution of the flow’s momentum that can
drastically change the global dissipation. Reference [14] has
further proposed a refinement of the SM82 model, denoted
PSM, that accounts locally for these secondary flows through
higher order nonlinear terms, and that we shall apply to our
problem. In nondimensional variables, the PSM equations
that govern the evolution of quantities averaged spatially
along &, between the two Hartmann walls located at z=0 and
z=a yield

V,-u, =0, (1)

(G+u - V)u, +V, p- Viu,

Ha?
N 2 7 1
=—2—ul+m +=d,Ju, -V, u, +f,

—D,
36 "8
2

where the operator DM is defined as
Dy :F—>D, F=(u, -V )F+(F-V )u,. (3)

Quantities averaged along €, are by definition dependent
only on x and y. The corresponding Nabla operator V| is
two-dimensional and carries the subscript (), . Similarly, the
same subscript on a vector indicates components perpendicu-
lar to the magnetic field only. All quantities have been further
normalized using the dimensional quantities U, and a as ref-
erence velocity and distance. Furthermore, the superscript on
observed quantities such as velocities, velocity fluctuations,
and distances, thereafter presented in the experimental part

Sec. III denotes a dimensional quantity (e.g., R =R/a as the

dimensionless counterpart of R). The square of the Hartmann
number Ha=aB,\o/(pv) and the interaction parameter N
=(TBfa/ (pU,) represent the ratio of the Lorentz forces to
viscous and inertial forces, respectively, so both are required
to be larger than unity for the PSM model to be valid.

Out of the two additional terms that appear in the right-
hand side of Eq. (2), the first one is linear and results from
the friction induced by the Hartmann layer on the two-
dimensional flow. The associated dimensional Hartmann
damping time t,=(1/2)(a’/v)(1/Ha) strongly decreases
with B, indicating the nature of the magnetohydrodynamic
(MHD) effect: when the magnetic field increases, the Hart-
mann layer becomes thinner thus inducing a stronger friction
on the flow. The other additional terms are nonlinear and
result from the redistribution of momentum due to local Ek-
man pumping. The model also provides the expression of the
dimensionless velocity u, along the field lines just outside
the Hartmann layer (for a mathematically rigorous definition
of this concept, see Refs. [16,17]):
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TABLE I. Nondimensional parameters and related time step in cases calculated numerically.

regime 1 1I 1T v

Re’ 216 2164 | 4328 6494 7576 8116 8658 9740 10822 11904 12986 15152 17316 21644 28138

Re 89.8 846 | 1567 2250 2580 2740 2898 3245 3573 3894 4188 4768 5281 6122 7174

RY™ 0.5 49 1091 13.1 15 15.9 16.9 18.9 20.8 226 244 277 30.7 256 417

N, 1372 13.7 | 6.9 4.6 39 3.7 3.4 3.0 2.7 2.5 23 2.0 1.7 1.4 1.1

At 0.05 0.0l [0.005 0.01/3 0.01/3 0.01/3 | 0.0025 | 0.0025 0.002 0.002 0.002 0.002 0.002 0.001 0.001
5q2 1 velocity along €, and therefore calculated a posteriori is

u(z=0)=-—-— V[ - Vu,], 4) therefore given alongside Re” in Table I that can be used as

6 R? Ha N,

where szNﬁ/ a=1 is the interaction parameter based on
the horizontal scale. The ratio u./|ju || gives a good indica-
tion as to where Ekman pumping is important. u,>0
(1, <0) indicates that fluid is expelled from (injected in) the
Hartmann layers to (from) the core flow. Some detailed ac-
counts of this effect are presented in Refs. [14,18,19].

The forcing f results from the interaction of the electric
current injected at the electrodes with the external magnetic
field, which, by virtue of the Hartmann layer theory is
equivalent to imposing a vorticity along €, proportional to
the injected current. Following Refs. [7,14], the forcing im-
posed on the flow by an electric current / injected through an
electrode of diameter d,, with the center located at r, ex-
presses dimensionally as

le-r)- %)
r r—r, 5

f(r)=—
= =l

€ ®)

where I'=1/ (277'\55) is the total circulation induced by the
current injection at one electrode and 7 is the Heaviside step
function. €} denotes the azimuthal direction with respect to
the center of the electrode. Since the nondimensional forcing
f that appears in Eq. (2) is induced by the two electrodes with
opposite polarities, respectively, located at r}=dé, and
r,=—de&,, it can be written in nondimensional form as

d d
e I -

f(r) = —— & - ,
T e e T €
©)

where &}, (€;) again points in the azimuthal direction with
respect to the electrode located at r} (r)). This suggests
Uy=2I'/d as a reference velocity a priori with the corre-

[he =

sponding Reynolds number Re(’=U0§/ v and underlines the
fact that the ratio of two-dimensional inertial effects to the

Lorentz force is measured by (R/a)(N/Ha), rather than the
interaction parameter N. Similarly, since U, is derived from
the forcing only, and ignores all types of dissipation present
in the flow [viscous, Hartmann layer friction, effect of three-
dimensional (3D) recirculations], it is clearly larger than the
true flow velocity, albeit of the same order of magnitude. A
more realistic Reynolds number Re! based on the maximum

an a priori control parameter.

Finally, a nonslip boundary condition is applied at the
impermeable wall located at ||r||=R. Note that Eq. (2) implies
that this wall is electrically insulating.

Before proceeding with the numerical resolution of the
PSM equation presented in this section, it is worth recalling
that this model is a shallow water approximation [such as
those widely used in geophysical flows (see Ref. [20])], ob-
tained by integration of the full Navier-Stokes equations
along the magnetic field. This integration is performed by
approximating the velocity profile in the z direction at order
2 for the small parameters Ha™' and ]\VV'. At this order, the
Hartmann layer is assumed laminar and the three-
dimensional velocity field uy,(x,y,z,7) within the Hartmann
layer expresses as

uHa(x’y’Z’t) = ucore(x,y’t)f(z)’ (7)

where f(z) represents both the two-dimensional flow in the
core with the velocity field u®*(x,y, ) and the classical ex-
ponential velocity profile in the laminar Hartmann layer. In
the PSM model, however, this profile is modified to account
for inertial effects of order N,' (see Ref. [6]), while the hori-
zontal velocity outside these layers is invariant in the z di-
rection. Since f(z) is obtained from assumptions in the limit
of small Ha~! and N,', the model is free from artificial mod-
elling but also implies that it becomes imprecise when either
of the parameters Ha™' or N,' becomes of order 1. Reference
[21] has shown that for N<1, the secondary flows due to
local Ekman pumping are overestimated (note that values of
N, for our simulations are given in Table I).

The validity of the model of Ref. [14] is further affected
depending on whether the Hartmann layer is laminar or tur-
bulent. From the form of Eq. (7), three important cases can
be distinguished.

(a) If the velocity field u®(x,y,t) becomes turbulent
while f(z) remains unaffected, the flow is in a quasi-two-
dimensional turbulent state, but still with a laminar Hart-
mann layer and the PSM model from Ref. [14] remains
valid.

(b) If the Hartmann layer becomes turbulent, the function
f(z) takes a different form although the core flow outside the
layer may still be two-dimensional, as observed by Ref. [22].
In this case the PSM model breaks down as it cannot account
for a turbulent Hartmann layer profile nor for the transition
between a laminar and a turbulent Hartmann layer. This tran-
sition happens at the critical Reynolds number R s=Re/Ha

016304-3
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FIG. 1. (Color online) Snapshots of equilibrium and quasi-equilibrium states in all flow regimes for Ha=43 obtained from numerical
simulations. Contours of vorticity normalized by Uy/a (left column), streamlines (center column), contours of vertical velocity as given by
Eq. (4), normalized by U, (right column). (a) Regime I, (b) regime II, (c) regime III, (d) regime IV.

in the case of a channel flow (see Ref. [23]). In the present
simulations, however, R§"™ remains an oder of magnitude
below this critical value (see Table I).

(c) If the flow is in a state of full three-dimensional tur-
bulence, the velocity field may not take the form of Eq. (7)
anymore. In spite of the above limitations, the PSM model is
better suited to our goal of finding the main flow patterns
than three-dimensional direct numerical simulations for sev-
eral distinct reasons: on the top of its simplicity and natural
precision at high Ha and N,, PSM removes the necessity of
meshing the very thin Hartmann layers and also eliminates

the coupling between velocity and electric potential that is
inherent to the 3D MHD equations. The resolution of these
coupled equations demands special care indeed, in order to
be accurately resolved (see Refs. [24,25]).

B. Numerical model

We shall now solve the system (2) numerically, in order to
visualise the different flow states when the electric current is
increased. Velocity profiles recorded along diameter y=0
will then be compared to the measurements from the experi-
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ment in Sec. III in order to help identity the regimes found
experimentally, as no global flow visualization is possible in
our setup. The comparison can, however, only remain quali-
tative as wall roughness present in the experiment is not
modeled in the numerical simulation. The latter is expected
to stabilize the flow and to shift the transitions between
quasi-two-dimensional flow regimes identified in this section
further. Since the initial problem has been reduced to a two-
dimensional one thanks to the PSM model, we are now left
with the task of solving the unsteady equations (2) on a disk
of radius R. To this end, we use the numerical method and
mesh described and tested in Ref. [19], where a numerically
similar problem to ours is considered, but with a different
forcing. Also, compared to theirs, our numerical system now
uses a third instead of a second order spatial discretization,
which slightly improves precision, especially on the unstruc-
tured part of the mesh. All computations are performed for
Ha=43 with the fluid initially at rest and with the injected
current / (hence Re?) set to a constant value. The calculation
runs until the total energy of the flow is stable over a time
much longer than # or than all remaining oscillations. Aver-
aged quantities reported thereafter are then computed over a
time interval of several times 7. Table I summarizes the
different cases we have simulated.

C. General aspect of the flow

When the forcing is increased from /=0, the final flow
state goes through a sequence of bifurcations that can be seen
from the contours of vorticity and streamlines represented on
Fig. 1. We shall now describe these globally, whereas local
quantities such as velocity profiles are reported together with
experimental results in Sec. III.

At very low forcing, i.e., at low Re’, the flow essentially
consists of two steady counterrotating vortice, antisymmetric
about the €, axis and centred slightly to the right of the
electrode axis [Fig. 1(a)]. The distance between the axis of
their centers and that of the electrodes results from the bal-
ance between their mutual influence that tends to imprint a
motion toward x>0, and the influence of the circular wall.
Each of these vortice presents a sharp vorticity maximum
located away from the vortex centre that corresponds to a
free shear layer in the shape of a ring. This first steady re-
gime will be denoted “I” thereafter and the corresponding
Re? are displayed in Table 1.

For slightly higher values of Re’, the flow remains steady
but the boundary layers located along the cylinder wall or
side layers separate in two symmetric locations behind the
vortice so a small counterrotating recirculation appears be-
hind each of the initial vortice [Fig. 1(b)]. These two anti-
symmetric recirculation regions are analogous to those in
duct flows past a cylindrical obstacle with an homogeneous
magnetic field oriented along the cylinder axis, as studied by
Ref. [10]. Unlike these, however, those from the present
problem remain apart from each other as the main flow reat-
taches to the cylinder wall. The length of the recirculation
region along the wall, however, increases with Re’. By anal-
ogy with Ref. [10], we will call this second steady flow re-
gime “regime II” (see Table I).
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FIG. 2. Power density spectra obtained from u(0,7) for Ha=43.
Energy and frequencies are normalized by U%/ 2 and 1;11, respec-
tively. (a) Re’=8658, regime III. (b) Re’=10 822, regime IV. (c)
Re=21 644, regime TV. Note that for Re’=8658 the flow is nearly
in regime IV, however, the amplitude of the corresponding oscilla-
tion with frequency f, remains small.

For higher Re® a new regime (regime III, see Table )
appears where the separated boundary layers at the back of
the vortice destabilize. Vortice form there and grow along the
layer until they are released in the stream between the two
electrodes, resulting in the appearance of a low frequency f;
in the oscillations of the velocity field see [Figs. 1(c) and
2(a)]. This shedding process is reminiscent of that in the Von
Karman street behind a cylindrical obstacle (see Refs.
[1,10]), but differs from it in two ways: first, at the forcing
for which this phenomenon first appears, vortice are released
almost simultaneously and not in turn. This synchronization
is, however, lost at slightly higher forcing. Second, two very
weak additional vortice are released along the centerline in
the direction x<<0. The frequency spectrum of |u)2c(0,t)
+u§(0,t)| that characterizes this regime exhibits strong peaks
for the fundamental frequency f| of vortex shedding as well
as for the higher harmonic 2f; [Fig. 2(a)].

A further flow regime, called regime IV (see Table I) is
found when a lower base frequency f, appears in the fre-
quency spectrum [see Fig. 2(b)]. In this regime, the central
vorticity rings are strongly disrupted and exhibit both short
and long wave instabilities. Also, vortice that shed in the
direction x <0 become stronger so the global picture is that
of a strongly chaotic flow. Interestingly, Ref. [10] also
pointed out the appearance of a lower frequency in the re-
gime he calls IV, where the Von Karman street is disrupted
by vortice generated due to boundary layer separation at the
duct side walls. The periodic Von Karman street regime they
find, however, spans a much larger interval of Re. The rea-
son is that in our case, the vortex shedding process is imme-
diately disturbed by the reinjection of shed vortice in the
main stream, whereas the flow around the cylinder has to
reach much higher velocities for shed vortice to produce
some boundary layer separation at the duct walls.

Further regime changes at higher forcing are much more
difficult to detect as the flow becomes fully turbulent. At
Re’=21644, the spectrum exhibits the [u7(0,1)+15(0.1)]
~ f~23 power law in the mid range [see Fig. 2(c)]. A spatial
energy spectrum can be deducted from these frequency spec-
tra by defining the wave number sequence as k=f|u(0,7)|.
Since at this location, the flow is dominated by a strong jet in
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FIG. 3. Steady flows and flows with separations within (top) and
outside (bottom) a cylinder. A, B, and C are stagnation points, S,
and S, are separation points.

the direction &,, k,~ f|(u(0,1))|, where (u(0,7)) is the time
average from u(0,7). This implies that |ui(0,t)+u§(0,t)\
~ k>, For Re"=21 644 and Re"=28 138 (Table I) which are
the highest in our numerical simulations, however, one can
expect the secondary flows to be slightly overestimated as N,
comes close to unity (see Ref. [21]).

D. Similarities with the flow around a cylinder

To further investigate the similarity between the present
flow and the duct flow past a cylinder under axial magnetic
field studied by [10], we define the base pressure coefficient
C;b=(pA—pC)/[p(IZ§4)2] where @' is a dimensional quantity
and denotes the maximum velocity of i, along the diameter
y=0 (p, as well as p. refer to the pressure at stagnation
points A and C, respectively, as displayed in Fig. 3). Its
variation as a function of Re" =ﬁyl§/ v (see Table I for val-
ues of Re™) and Re for fixed Ha is shown in Fig. 4(a) for a

10'

3) T b)
1 ol i om
2 P s ”
© I SN
P P L e
10° I | ”” :
o; i : : :
o i
1o Lo Ha=43 s
10° 1(})\; 10" 10° 10° 10"
Re Re

FIG. 4. Base pressure coefficients C), in flow regimes I, II, III,
and IV obtained from numerical simulations. (a) C’ 5 VS ReM for the
flow within a cylinder for Ha=43. (b) C,',b vs Re for a flow past a
cylinder for Ha=560 (see Ref. [10]). Re is built on average velocity
at the duct inlet.
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FIG. 5. Typical profile of an electrically driven vortex (see, for
instance, Refs. [4,14]). A strong flow from the Hartmann layers to
the core appears in vortex core, while a strong reverse flow takes
place in the high velocity region just outside the core

flow within the cylinder and for a flow past the cylinder in
Fig. 4(b) (found by Ref. [10]), respectively. For the latter, the
Reynolds number Re is built on average velocity at the duct
inlet. Although only high Hartmann results are available
from Ref. [10], the evolution of C), is similar between both
problems throughout regimes I to III [see Figs. 4(a) and
4(b)]. In particular, C,, decreases in the steady regime and
increases in the unsteady regime. Evolutions of C//,h for flows
that are well in regime III and thereafter in regime IV differ
but this might be due to the effect of three-dimensional re-
circulations which become dominant since N, approaches
unity in the cases calculated here. These recirculations are
known to significantly increase the dissipation in concave
parallel layers (see Refs. [14,19]) and can therefore be ex-
pected to influence C/, strongly. They are, however, sup-
pressed at such high values of N, such as those from Ref.

[10].

E. Effect of the Ekman recirculations

The third column from Fig. 1 shows the contours of
u,(x,y) calculated from Eq. (4). This equation implies that
this quantity is larger where horizontal velocity gradients are
more important as strong fluid sources and sinks appear in
the core flow. The associated horizontal transport of angular
momentum can drastically increase the viscous dissipation,
in particular where boundary layers are involved, as shown
in Ref. [19].

A further effect is that vortice are surrounded by regions
where the fluid plunges into the Hartman layers, as also
shown by the three-dimensional numerical simulations of
Ref. [26] in the non-MHD case. This can be understood by
considering an axisymmetric clockwise vortex, centered at
the origin, with typical profile shown on Fig. 5. Then, Eq. (4)
implies that u,(r) ~ 1/rd,u3 Near the vortex center, the ve-
locity must be zero so wu,~r® with >0 and u/r)
~2ar?®”!. This means that a strong Ekman pumping is
present there with u, > 0. Further out, the velocity is high but
decreases as u,~ r®, with @<<0 this time, so a surrounding
region with strong vertical velocities toward the Hartmann
layers must exist just outside the vortex core.
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FIG. 6. Experimental apparatus. Top: cross section of the cylin-
drical container, bottom: top view of the bottom plate. (1) Electric
board, (2) electric current injection electrodes (diameter d,=1 mm),
(3) electric potential probes, (4) inlet and outlet to fill cavity with
GalnSn, (5) reference probe for electric potential measurements, (6)
plexiglas hollow cylinder. AX=2.5 mm, Ay=1.75 mm, and
A7=0.6 mm are the distances between the potential probes.

III. EXPERIMENT

A. Experimental setup and measurement techniques
The main experimental apparatus (Fig. 6) is made of a

closed cylindrical container with radius R=20 mm
and height a=5 mm, where all walls are electrically insulat-
ing. The cavity is hermetically filled with GalnSn, a metal
alloy liquid at room temperature (electric conductivity
0=23%10°S/m, density p=6440kg/m?,  viscosity
v=4X10"7 m?/s). The top and bottom plates of thickness
1.5 mm are made of fiber-reinforced epoxy FR4, which is a
standard material for electronic boards.

Once filled, the apparatus is centered inside the gap be-
tween two sets of identical permanent magnets (surface
120X 100 mm). Magnetic fields of B,=0.09 T, B,=0.12 T,
B,=0.19 T, and B,=0.24 T with maximum inhomogeneity
of 10% along &,, 4% along &,, and 1% along &, over the fluid
domain, are achieved by adjusting the gap width.

The flow is forced by injecting constant electric current /
through two copper electrodes (diameter d,=1 mm) fitted
flush to the bottom wall at (0,d,0) and (0,-d,0) and with
d=8 mm. Both electrodes are connected to a regulated DC
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TABLE II. Characteristic Hartmann friction time 7 and Hart-
mann number Ha.

BI[T] 0.09 0.12 0.19 0.24
2

ty=— [s] 33 175 11 0.85

"= oy Ha ' ‘ ‘ '

Ha=aBy|— 135 18 285 36
pv

power supply, providing electric currents in the range
I1e[0-20A] with a maximum ripple 0.5 X 107> A.

Electric potential ¢ is measured locally thanks to two
symmetric sets of 56 potential probes (diameter ¢d,,
=0.25 mm) embedded in the top and bottom wall, respec-
tively, at locations sketched on Fig. 6. The two sets are
aligned exactly opposite each other along the €, axis. The
measured signals are typically of the order of 10 uV and
must therefore be amplified by a high precision, low-noise
system. We use a 112 multichannel single ended amplifier-
system with gain 111 and integrated 24 bit A/D converter for
every channel, that measures each electric potential with re-
spect to one electric potential probe (reference probe), lo-
cated near the box center (see Fig. 6). All signals are simul-
taneously recorded at a sampling rate of 128 Hz, for which
the peak to peak noise is about 2 uV.

As, e.g., noticed by Refs. [15,7], the electric current den-

sity in the core flow |[j*°|| is small in quasi-two-dimensional
and even weakly three-dimensional flows so Ohm’s law in
the core flow can be approximated by —V¢@®+u"XB
=0, to a precision of the order of ”"Tcﬂ Since the variation of
electric potential across the boundary layer is O(8/a), with
z‘)‘:l_lia as the Hartmann layer thickness, the electric potential
field in the core is nearly that measured at the Hartmann
wall, to this same precision. Combining these two arguments
leads t0 =V +u X B< 0(max|f, H—ﬂ'ﬂ%”]?‘”
;‘S <1 and ”—“E%“B—” <1, the velocity just outside the Hartmann
layer can be deduced from probes embedded in the wall and,
respectively, distant by AX and Ay from one another by
Fig. 6:

). As long as

i=- L( szan(fsi"‘ Ay) - aswall(f’y)>
B, Ay '

Z

_L

u
7 B.

4

( ;{)wall(}"' Af’j;) - (‘f;wall(i’j}’) ) ) (8)

Ax

In order to take advantage of Eq. (8), the probes have been
placed so as to obtain profiles of velocities i, and i, along
the diameter y=0 (Fig. 6). Velocity profiles (7, 8,1) near
the side walls at 7=19.7 mm for 6e[45.6°,134.4°] (see
Fig. 6) are measured in the same way, however using
A7=0.6 mm as radial spacing between probes. Finally it is
important to notice that even if the Hartmann layer becomes
turbulent, its thickness & remains very thin (see Ref. [27]) so
the assumption f< 1 is still valid. Furthermore, the core flow
above a turbulent Hartmann layer also remain two-
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dimensional, provided the turn-over time [, /u of turbulent
vortice, of size [, and spinning velocity u, remains large

2
compared to the time of two-dimensionalization -”—(rBQ% (see
1

Refs. [11,22]). This suggests that Eq. (8) remains valid, even
when the Hartmann layer becomes turbulent. Finally, in or-
der for three-dimensionality to spoil the validity of Eq. (8),
the current in the core would have to be O(u® X B). This
only occurs in strongly three-dimensional flows so the
method presented here also applies to weakly three-
dimensional flows, albeit with a larger error than in quasi-
two-dimensional flows.

Electric potentials, measured on potential probes aligned
exactly opposite each other along the €_ axis, allow us to
derive the velocity correlations between points located just
outside the Hartmann layer on either wall. A velocity corre-
lation coefficient lower then one indicates that the flow is
three-dimensional in the sense that the velocity varies along
the magnetic field lines outside the Hartmann layer.

B. Experimental procedure

Starting at /=0A, the electric current is first increased in
steps of 0.1A up to the maximum value of /=10A. If a bifur-
cation is found at critical electric current /., the step size is
reduced to 0.01A within the range /.*0.05A. Once I,
+0.05A is reached, a possible hysteresis around /. is sought
by decreasing the current in the same steps. The electric
current / is expressed under nondimensional form through
the Reynolds number Re® that measures the forcing (see Sec.
IT A). For each forcing we wait several times the Hartmann
friction time 7y until the flow is fully developed and start
then recording time dependent electric potentials over at
least 10z (Table II). Quantities averaged in time in the es-
tablished flow regime are denoted (- --) thereafter.

This procedure is repeated for four different values of
magnetic field strength B, which correspond to nondimen-
sional Hartmann numbers Ha presented in Table II. Ha as
well as Re” are then the two control parameters in this ex-
periment. Thus, critical values Re?“, Re?\,, Re%, and RegD
mentioned thereafter, are in fact functions of the Hartmann
number as shown in Fig. 7.

C. Flow regimes identified from velocity profiles

For weak forcing, such that Re°<Re?I, the flow is steady
and the corresponding profile of u, [marked by “I” in Fig.
8(a)] along the diameter y=0 is almost symmetric about x
=0, with u,>0 everywhere In this regime, the point of
maximum velocity u is, however, located at x¥ >0, x" be-
ing small and increasing with Re” [Fig. 9(a)]. Velocities
ug(r=0.985R, 6,1), measured near the cylinder wall, are an-
ticlockwise orientated and almost azimuthal, without any
sign reversal (Fig. 10). In the numerical simulations (Sec.
11 C) this type of profile is typical from regime I [Fig. 11(a)],
and the location of the maximum velocity ui‘" along the di-
ameter y=0 corresponds to the position of the initial vortex
pair.

For Re0>Reﬁ, the flow changes to a second steady state
(regime II), where the velocity profile u4(r=0.985R, 0,1) first
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FIG. 7. Critical Reynolds numbers vs Hartmann number. Re?H:
transition from the steady flow regime to the periodic flow regime.
Re?\,: transition from the periodic flow regime to the flow regime
with two base frequencies. Re(\),: transition to the flow regime where
the profile of u, almost becomes symmetric again. RegD: transition
to three-dimensionality (see Sec. II1 F).

exhibits a change of sign at angle 6, (Fig. 10), that corre-
sponds to the separated boundary layer found in Sec. II C.
When the forcing is further increased, the flow still remains
steady and 6,/ is displaced along the wall in clockwise direc-
tion [Fig. 9(c)]. This displacement also coincides with the
increase of x, which indicates that it is a consequence of the
displacement of the initial vortex pair in the x>0 direction.
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~ | e R = 108550| “2©
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X ]
=
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i a4l © o v
ol ¥ o OO
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v
0 00“‘1;1‘ D 000 M
'”””'”””””"”"v\ll
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-1, 05 0’ 05 yyR 1 0 02 0405
(@ )/R xR MR (b) (Ax )R
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FIG. 8. Time averaged quantities. (a) Velocity profiles (u.(x,0))
for Ha=36. (b) Width of recirculating region (Ax,):(x(rl)—x(rz)) Vs
Re/Ha. (c) rm.s. of velocity fluctuations u'(x,0,7) along the di-
ameter y=0 for Ha=36. Black markers: (u/(x,0,1)%)"2, white
markers: (u,(x,0,)%)"2. (d) x}” and xy vs Re’/Ha for Ha=36. The
corresponding flow regimes are indicated as I, II, III, IV, and V.
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FIG. 9. (a) (*M) vs Re’/Ha. (b) Standard deviation o(x™) vs
Re’/Ha for Ha=36. (c) (6,/) vs Re"/Ha.

The zone of positive azimuthal velocity for 8> 6, in Fig. 10
therefore characterizes the antisymmetric counterrotating re-
circulation regions that appear behind each of the two initial
vortice because of the separated boundary layer (see Sec.
11 Q).

The unsteady flow regime sets in at Re’=Re}, [“III” in
Fig. 8(a)]. It results in a periodic oscillation in ¢(x,y,r) and
is characterized by strong peaks with base frequency f; and
further harmonics 2f; and 3f; in the frequency spectrum.
Corresponding spectra, recorded from measurements on the
top plate at x=—-0.4375R and y=-0.04375R are shown on
Fig. 12(a) (power spectra taken from potential measurements
at other locations yield qualitatively similar results). Accord-
ingly, x and 6,, are time-dependent and when the forcing is
intensified, (x) and the standard deviation o(x™)
={[xM(x,0,1)—(xy,(x,0))]>»'? increase. Also, (f,/) is dis-
placed along the circular wall in the #<<O direction [see Fig.
9(c)]. The good qualitative agreement between numerical
and experimental mean velocity profiles, as well as the r.m.s.
of velocity fluctuations w'(x,0,7), with u,(x,0,7)’
=u,(x,0,0)—(u,(x,0)) and u,(x,0,1)" =u,(x,0,1)=(u,(x,0)),
proves that these measurements characterize the vortex shed-
ding regime found in numerical simulations [Figs. 11(a) and
11(b) and Figs. 8(a) and 8(c), respectively]. This also ex-
plains the presence of maxima at x<<0 in the profiles III of
(u!(x,0,0)*"? and <u}’,(x,0,1)2>”2 plotted along the diameter
y=0, as they correspond to the location where the shed vor-
tice impact onto the centerline [see Figs. 11(b) and 8(c)].

For Re°=Re?v, a second base oscillation f,, with f, <f,
appears in the frequency spectrum of ¢(x,y,7). The spectrum
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FIG. 10. Time averaged velocity profiles (u,(r=0.985R, 6))
along the circular box side wall for Ha=36. Note that the precise
determination of 6, is limited by the number of measurement
points along the side wall and a low signal to noise ratio.

is then seen to be extended as further frequency peaks occur
for Re” slightly higher than Re%, [Fig. 12(b)] and exihibts a
A~ 23 power low for Re”>Rel, [Fig. 12(c)]. This equates
to regime IV identified in the numerical simulations as here
again, the time averaged profiles of velocity as well as r.m.s.
profiles of velocity fluctuations, obtained numerically and
experimentally are in good qualitative agreement [see Figs.
11(a) and 11(b) and Figs. 8(a) and 8(c), respectively]. In this
regime, a clear maximum in the profiles of (u/(x,0,7)?)"?
appears in the region x>0 at xy [Fig. 8(c)], roughly at the
location x™ where u,=u" [Fig. 8(a)]. It is due to the two
initial vortice starting to oscillate and periodically crossing
the centerline y=0. Furthermore, the vorticity carried by
shed vortice induces a flow of negative mean velocity in the
x<<0 region on the centerline and the width of this region
(Ax,}=<x£1)—x£2)> increases with the forcing as the associated
return flow intensifies [see Figs. 8(a) and 8(b)]. Once sucked
into the stream between the two oscillating vortice located at
x>0, these shed vortice are strongly squeezed and stretched
along €,. This points to the minimum in the profile
(u!(x,0,0H)"* at x}' [see Fig. 8(c)]. Since this stretching is
directly induced by the two initial vortice, the evolution of
X" follows that of x/ with increasing forcing, until these two
points clearly separate, which marks the end of regime IV.
A last change of flow regime has been detected at Re°
=Re!, where all quantities are brutally altered. (Ax,) drasti-
cally shrinks [Fig. 8(b)] and negative velocity components

0.4 = Qo.(L,
Re’ = 2164 R = 10822
R’ = 6494 = | —Rre’= 15152 FIG. 11. Time averaged quan-
--Re” = 10822 ?g Al tities obtained from numerical
~ —Re’= 15152 = simulations for Ha=43. (a) Veloc-
? 0.2 0.025 = ity profiles (u,(x,0)). (The thick
= dashed line indicates the shift of
o the vortex pair toward x>0 with
/<uyx(x'0't) ) (U (x0,H2)"2 increasing Re?) (b)
/ ’ | G002 and Guy(x,0.02)1
0 7\ along the diameter y=0.
@ -05 S 05 1 5 05 0 05 @"1
(b) x/R
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FIG. 12. FFT of recorded time-dependent signal ¢(x
=-0.4375R,y=-0.04375R 1) for Ha=36. (a) Periodic flow (regime
II0). (b) Two base frequency flow (regime IV). (¢) Chaotic or tur-
bulent flow in flow regime IV. (d) Chaotic or turbulent flow in flow
regime V. Oscillation amplitudes A and frequencies f; are normal-
ized by B,Upa and the Hartmann friction time t;,l, respectively.

vanish completely along the diameter y=0, resulting in a
profile of (u,) that is almost symmetric about x=0 [Fig.
8(a)]. Accordingly, the average (x,,) rapidly drops to the vi-
cinity of x=0 at first, increases again and then slightly de-
creases for higher forcing. Also, the averaged point of sign
reversal along the circular wall (6,/) is displaced in anti-
clockwise direction, thus following the displacement of (x*).
For ReO>Re%, very strong velocity fluctuations make the
detection of 6, in the profile u,(r=0.985R, 6,1) impossible.

Figures 12(c) and 12(d) show that the amplitude of all
measured frequencies raises significantly above that from
previous regimes. According to Ref. [3] this indicates a tran-
sition to a spectrum with a broad continuous component,
thus implying that the flow in regime V is turbulent. This
regime is also characterised by the emergence of a new peak
frequency much lower than f,, as well as a A~ '3 inertial
range.

D. Scaling laws based on R),

The critical values Rel};,Rely,ReY that correspond to the
transitions between the regimes identified in the previous
section are shown on Fig. 7. With the exception of the case
Ha=13.5, all critical Reynolds numbers scale as Ha, indicat-
ing that they may be governed by a single parameter R
=Re%/Ha. In order to further check this property, all Re’
dependent quantities have been plotted against R, instead of
Re’ [see Figs. 8(b), 9(a), and 9(c)]. It clearly appears that any
set of curve describing a topological quantity ((x™), (6,/),
(Ax,)) can be merged into a single one, provided they are,
respectively, scaled as

oM

Ha3/5

~ f(Re%Ha), (6,)Ha'” ~ g(Re’/Ha),

(Ax,) ~ h(Re%/Ha). 9)

The fact that the lower values of Ha (Ha=13.5 and less no-
ticeably Ha=18) match these scalings imperfectly certainly
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FIG. 13. Nature of bifurcations. (a) Square of the amplitude A,
of mode 1 vs ry. (b) Frequency f; of mode 1 vs r;. (c) Square of the
amplitude A, of mode 2 vs r,. (d) Frequency f, of mode 2 vs r».
Oscillation amplitudes A; and frequencies f; are normalized by
B,Uya and the Hartmann friction time t;,l, respectively.

indicates that these are valid in the limit of large Ha and
breakdown at lower Ha, where three-dimensional effects are
present, as will be seen in Sec. III F. The relevance of R, as
governing parameter in quasi-two-dimensional MHD flows
has been pointed out long ago (see Refs. [4,7]) in flows
dominated by Hartmann friction. It is, however, remarkable
that this parameter keeps its relevance in the present case
where strong three-dimensional recirculations due to some
local Ekman pumping are present. This certainly indicates
that the extra global dissipation induced by these remains
small compared to the Hartmann friction and that they essen-
tially alter the local shape of individual vortice. Velocity pro-
files across any of them (which are not available in the ex-
periment) may indeed not follow an universal law expressed
in terms of R, only, as in the case of Sommeria’s isolated
vortice in Ref. [4], where local recirculations affect the vor-
tex core only.

E. Nature of the bifurcations at Re”:Re(I)H and Re":Re'I]V

We have analyzed the nature of the bifurcation at Re’
=Re?n by plotting the amplitude A; of mode 1 with funda-
mental frequency f; versus the critical parameter r|
=Re’/Re,—1 on Fig. 13(a). It is found to follow a square
root function. This, together with the fact that no hysteresis
at transition to regime III was observed, indicates a super-
critical bifurcation. The corresponding coefficients from the
Landau theory (see Refs. [28,29]) can be extracted by inter-
polating A;(r,) as

|2k [2
|A1|2 _1r1= ﬂ, (10)
Iy h

where o is the exponential growth rate, k;=const and [,
measures the nonlinear saturation in the perturbation growth.
For 0<r;<0.15, the interpolation of A,(r;) with a square
root function yields k,/1, =3 X 107 for all values of Ha, but
Ha=13.5 [see Fig. 13(a)]. Here again, the case Ha=13.5 de-
parts from the asymptotic curve and exhibits stronger satu-
ration. Also, the related base frequency f; increases linearly
for small 7, as a function of Re’ and seems to saturate for
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higher r; as the flow approaches regime IV [Fig. 13(b)].
Furthermore, the frequency f; at the onset of regime III in-
creases monotonically with Ha. The second bifurcation at
ReozRe(l)V results in a spectrum with two base frequencies f;
and f, and subsequent linear combinations [Fig. 12(b)] of the
form m,f\+m,f, with (m;,m,) € {~2,-1,0,1,2}? as in Refs.
[30,3]. As for mode 1, the fundamental frequency f, of mode
2 increases linearly with the critical parameter r,
=ReO/Re?V— 1, but the slope seems to depend weakly on Ha
[Fig. 13(d)]. No saturation was detected for 0<<r,<<1.5 but it
may well occur for higher forcing. As A(r}), A,(r,) follows
a square root function without any measurable hysteresis. An
interpolation of A,(r,) for 0<r;<0.15 yields also k,/l,
=3 X107 [Fig. 13(c)], and one can conclude to the super-
critical nature of the bifurcation to regime IV as well.

F. Measure of three-dimensionality

The three-dimensionality of the flow is measured by the
correlation between values of quantity V;(¢) and Vy(7), taken
at the same location (x,y) at top and bottom plate, respec-
tively. Two different types of correlation functions are used:

2 V(O Vlr) 2 V(0 Vlr)
€= ——— and  Cy= :
2 V02 Vi) 2 V(o)
i=0 i=0 i=0
(1)

where 7 is the number of samples over which C; and C, are
calculated. C| quantifies how much phase and frequency are
correlated, regardless of signal amplitudes. C, is the more
usual correlation function, that incorporates the signal ampli-
tude. Correlations based on the velocity component u,(x,0,7)
are denoted C, thereafter.

Correlations built on velocity fluctuations u,(x,0,7)
=u(x,0,1)—(u(x,0)) are denoted by C| and C;. At this
point, it should be stressed that the correlation factor can be
influenced by the presence of =2 uV peak to peak noise,
especially in regimes I and II where the signals are weak, and
the ratio rgy between the amplitude of the signal and that of
the noise, respectively, is small. For example, rgy=5 for
Re’=5170 and Ha=36. This induces an error of =10% in the
correlation factor C,. This deviation from C,==1, however,
quickly decreases for higher values of Re?, as rg,y becomes
much larger. Consequently, this error is already as small as
=(.25% and hence negligbile when the flow changes to re-
gime III.

The variations of C; and C; with Re? are depicted on Figs.
14(a), 14(c), and 14(d) for several values of Ha. When Ha
=36 and Ha=28.5, the velocity correlation C, is nearly unity
for all investigated regimes and one can conclude that the
flow is very close to quasi-two-dimensionality. For Ha=18,
C, seems to be slightly below unity even for very high rg’s,
indicating some small three-dimensionality. For Ha=13.5,
this effect is more substantial, and one sees that three-
dimensionality is always present. This certainly explains why
the case Ha=13.5 departs from all the others in the scaling
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laws found in the previous section. The picture turns out to
be a little more refined when inspecting the correlations
based on the velocity fluctuations [Figs. 14(c) and 14(d)].
Both C| and C; are weak near the onset of unsteadiness as
fluctuations and hence the gy is small. They eventually in-
crease to a value of about unity and remain almost constant
for Re’ <Re),. Here again, the small deviation is due to the
presence of noise. However, correlations close to unity at all
locations (x,y) along the centerline [Fig. 14(b)] indicate
quasi-two-dimensionality in this flow regime. Furthermore,
the fact that C| = C} tells us that the velocity fluctuations are
strongly correlated in phase, frequency and amplitude.

This behavior changes drastically at the critical value
Re’=Re)}, (values for ReJ, are given on Fig. 7). Both C} and
C}, linearly decrease for Re’ > Rej, while C, remains almost
constant [see Figs. 14(a), 14(c), and 14(d)]. This indicates
the presence of three-dimensional vortice even though the
mean flow remains quasi-two-dimensional. It can be seen
from the profiles of velocity correlations in Fig. 14(b) that
these three-dimensional structures are mostly located in the
region x>0 where vortice are strongly accelerated by the
mean flow. Furthermore, since Cj declines more strongly
than C|, one can conclude to a smaller amplitude of the
velocity fluctuations on the top plate. The decrease in C; also
tells us that the flow in these structures is not only slower on
the top plate than on the bottom plate, but also shifted in
phase and frequency. In other words, the quasi-two-
dimensional columnar vortice start wobbling.

It is noteworthy that for Ha=28.5, Re}, is much larger
than Re(\), so three-dimensionality appears well into turbulent
flow regime V, whereas regimes I, II, III, IV are strictly
quasi-two-dimensional. Also, RegD scales approximately as
Ha®>, except for the lower values of Ha, Ha=18 and 13.5. In
these cases, the region of influence of the noise is extended
as signals are weaker, so one can not tell whether the plateau
C}=C}=1 is reached for Re’ <Rej,. On the other hand, for
these low values of Ha, higher values of Re?/Ha®> could be
reached and a new regime appears at Re°=Reg, where both
C; and C) stop decreasing and stay constant for all Re®
> Reg [see Fig. 14(c) and 14(d)]. This behavior can be due to
residual viscous friction and local Ekman pumping at the
scale of each vortex, that transports momentum along €.
Furthermore, since the electric current is injected at the bot-
tom plate, the motion near the top plate is mostly be induced
by the motion near the bottom so they cannot be totally
uncorrelated.

G. Hartmann layer friction

Our experimental setup does not allow for measurements
made directly within the Hartmann layer nor for a global
measurement of the dissipation as obtained in the experiment
of Ref. [23]. We can, however, obtain a rough measure of the
fraction of the injected energy that is passed on to the quasi-
two-dimensional flow in the jet along the diameter y=0 by
monitoring the evolution of a,p=(@"/U,)? vs R (we recall
that ﬁy is the maximum velocity in the time averaged veloc-
ity profile [see Fig. 8(a)]). In this regard «,p, is analogous to
the friction factor F defined in Ref. [23] in the sense that it
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represents a ratio between a velocity built on the forcing and
a measured velocity (here ). Also, as in Ref. [23] R, rep-
resents the Reynolds number based on the Hartmann layer
thickness as well as on a velocity derived from measure-
ments of electric potentials, and it controls the transition
from a laminar to a turbulent Hartmann layer. Reference
[23], however, measure their voltage across the whole chan-
nel, which gives them an average flow velocity whereas our
measurement corresponds to the maximum velocity in the
driving jet along e,. In this sense both Ry’s reflect the same
physics, except that ours is local while that in Ref. [23] is
global.

The energy not transmitted to (ﬁy)z is either dissipated or
transmitted to the three-dimensional part of the flow so a
change in the Hartmann friction should reflect on the evolu-
tion of a,p.

Figure 15 presents the evolution of @, vs Rs For Ha
=28.5 and 36, and R4 lower than the critical value for the
transition to regime V (R} = 120), a,p, decreases almost lin-
early with Rs Since the flow is close to quasi-two-
dimensionality in this regime (see Figs. 7 and 14), this es-

sentially reflects joule dissipation in the Hartmann layers (or
Hartmann friction). For Rs>R}, ayp suddenly drops (see
Fig. 15). Here, the flow is still quite close to quasi-two-
dimensionality as Re®<Re’" (see Fig. 14). This suggests
that the extra dissipation might come from a brutal change in

0.15 v Ha=13.5
o 0 Ha=18
: = Ha=28.5
< 3 0 Ha=36
)
0.1 0% regime V. J
a 0"
o
3
0.05 T
o 2ari L6000

FIG. 15. aZD:(IZi"’/ Up)? vs R,;:L?XM((‘)‘,am/ v) for all Ha. Note that
M

ity and therefore Rs drops strongly at the onset of regime V for

Ha=18, 28.5, and 36, and increases again within regime V.
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the Hartmann layer friction, triggered by a transition from a
laminar to a turbulent Hartmann layer. It may certainly be
objected that the critical value Rs=120 is well below R
=380 found in recent experimental (see Ref. [23]) and nu-
merical (see Ref. [22]) studies on rectangular duct flows.
This, however, might be related to the fact that our forcing
mechanism is not the same as in Ref. [23] and therefore
triggers a different flow. While the flow in the experiment of
Ref. [23] is expected to be steady when the Hartmann layer
destabilizes, the flow in the present work, although still close
to quasi-two-dimensionality, is already strongly turbulent,
because of instabilities initialised in the side layers. The pres-
ence of a complex turbulent flow in the vicinity of the mea-
surement points introduces uncontrolled perturbations that
are absent in the idealized configurations cited above. On the
top of this several other factors such as wall roughness (see
Ref. [23]) as well as a large number of potential probes on
the Hartmann walls could generate additional disturbances
and also lead to a destabilization of the Hartmann layer for
lower Ry than in Ref. [23].

For R 3> R}/, a,p decreases almost linearly with R 5 again
for all Ha but with a gentler slope than at low Ry (see Fig.
15). For these values of R, Re0>RegD so three-dimensional
perturbations are also present that generate some additional
Joule dissipation in the core flow on the top of the dissipation
in the turbulent Hartmann layer.

IV. CONCLUSION

We have performed an experiment where a vortex pair
confined by a circular wall was created by injecting electric
current into a thin layer of liquid metal perpendicular to an
homogeneous magnetic field. Such a flow is known to be
almost quasi-two-dimensional as physical quantities hardly
vary along the field lines, except in the fine Hartmann bound-
ary layers at the top and bottom plates (see Refs. [11,14]).
This allowed us to perform numerical simulations based on
the shallow water model of Ref. [14], that accounts for mod-
erate Ekman pumping locally. In the experiment, electric po-
tential measurements have been used to determine part of the
two-dimensional velocity field. Both methods were cross
checked in order to identify the different regimes spanned by
the system when the electric current is increased. It was
shown that the system undergoes a transition to turbulence
through a sequence of supercritical bifurcations that are very
similar to those observed in the wake of a circular cylinder
(see Ref. [10]). First, two recirculating bubbles appear be-
hind the initial vortex pair as the boundary layer on the cir-
cular wall separates in two symmetric points (regime II).
Secondly the separated boundary layer becomes unstable and
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vortice shed and are sucked in the jet between these initial
vortice (regime IIT). Unlike a cylinder wake where shed vor-
tice are released downstream, vortice are reinjected into the
main flow making it more unstable, so the flow quickly be-
comes chaotic as the forcing is increased (regime IV). Fur-
ther insight into the analogy between these two systems
could be obtained by investigating their properties as dy-
namical systems. Such a task was undertaken by Ref. [3]
who has identified a clear scenario for the transition to tur-
bulence of a single vortex in a square box from two-
dimensional direct numerical simulation. It is worth men-
tioning that the frequency spectra found in the present study
strongly resembles that found in theirs.

At higher injected electric current, we have identified an-
other transition in the quasi-two-dimensional flow patterns
where the velocity profile along the center diameter becomes
almost symmetric (regime V). This regime was beyond the
validity range of our numerical model so the exact flow pat-
terns remain unclear. We noticed, however, a drastic drop at
Rej=Re, exactly, in the slope of a,p=(#"/U,)* vs R, the
Reynolds number based on the thickness of the Hartmann
layer, that points to a likely transition to turbulence in this
region.

Finally, we have checked the two-dimensionality of the
system by calculating correlations between velocities mea-
sured on the same magnetic field line, on the top and bottom
walls enclosing the fluid layer. It turns out that for Ha
=28.5 the flow is very close to quasi-two-dimensionality in
all investigated regimes as correlations are nearly unity.
When these correlations are based on the velocity fluctua-
tions only, a sudden decrease appears well into regime V
which we could show is due to columnar vortice not only
having different rotation rates at the top and bottom plates,
but also wobbling. This provides the first evidence of a tran-
sition between quasi-two-dimensional and three-dimensional
turbulence in forced liquid metal MHD flows. Since this
transition occurs well into regime V for Ha=28.5, this also
allows us to be certain that regime I, II, III, and IV are
strictly quasi-two-dimensional and reflect two-dimensional
dynamics. Clearly though, further experiments in a larger
box are needed, where a higher number of measurement
points as well as a measurements in the bulk of the flow
should help determine the mechanisms of this transition to
three-dimensionality.
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We characterize experimentally how three dimensionality appears in wall-bounded magnetohydrody-
namic flows. Our analysis of the breakdown of a square array of vortices in a cubic container singles out
two mechanisms: first, a form of three dimensionality we call weak appears through differential rotation in
individual 2D vortices. Second, strong three dimensionality characterized by vortex disruption leads on
the one hand to a remarkable vortex array that is both steady and 3D, and, on the other hand, to scale-
selective breakdown of two dimensionality in chaotic flows. Most importantly, these phenomena are
entirely driven by inertia, so they are relevant to other flows with a tendency to two dimensionality, such as
rotating, or stratified flows in geophysics and astrophysics.

DOI: 10.1103/PhysRevLett.104.034502

When a strong magnetic field is applied to an electrically
conducting flow, the variations of all physical quantities are
damped along it so the flow tends to two dimensionality.
Broadly speaking, 2D magnetohydrodynamic (MHD)
flows, like other 2D flows, tend to favor large, long-lived
structures while fine, highly dissipative structures are the
hallmark of 3D flows. Knowing the 2D or 3D nature of
MHD and other flows is therefore key to understanding
their behavior and global properties. This important ques-
tion of fundamental physics also bears critical consequen-
ces in practical situations: in liquid metal heat exchangers
or steel casting processes for instance, 3D turbulent flows
are preferable to 2D flows to enhance heat and mass
transport and favor homogeneous mixing. By contrast, in
laboratory experiments, physicists use magnetic fields to
artificially reproduce 2D flows [1]. Nevertheless, in all
these problems, it is crucial but unclear, whether three
dimensionality is present or not, and under which form.
[2] clarified the “two dimensionalization” mechanism for
a given MHD flow structure, of size /| and velocity U, by
discovering that the Lorentz force diffused the momentum
along a magnetic field Be, over alength [, in a typical time
Top(ly) = 7;(I,/11)* [0 and p are the fluid conductivity,
density and 7; = p/ (oB?) is the Joule dissipation time that
characterizes the Lorentz force]. The structure’s inertia, on
the other hand, increases with its turnover frequency
1y(I)"' =U/l,, and can induce three dimensionality
when the latter becomes comparable to 75;1. Such inertia-
induced 3D effects can occur in any 2D flow. [1,3] proved,
for instance, that the meridional Ekman recirculations that
drive a strong upward flow in tornadoes’ eyes, acted alike
in wall-bounded MHD flows. In tornadoes, indeed as in
atmospheres, oceans and all rapidly rotating flows, the
tendency to two dimensionality arises from the propaga-
tion of inertial waves along the rotation direction [4,5], so
the same struggle between this tendency and inertia as in
MHD flows determines the appearance of three dimension-
ality. Stratified flows too, where two dimensionality is

0031-9007/10/104(3)/034502(4)
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driven along the density gradient, exhibit an analogous
behavior [6]. Understanding how three dimensionality ap-
pears in MHD flows therefore bears some relevance to
apparently remote problems such as weather forecast, pre-
dicting pollutant advection in the atmosphere, or describ-
ing some astrophysical flows. To this day though, although
the mechanisms that favor two dimensionality are fairly
well understood, most studies of the breakdown of two
dimensionality have focused either on strictly 2D vortices,
[7,8], or on single vortices or vortex pairs [9,10]. The
mechanisms that ignite three dimensionality in more com-
plex, wall-bounded flows, where boundary layers that de-
velop along walls precludes strict two dimensionality, pose
an open question. In this Letter, we propose an experimen-
tal answer to it: we prove that boundaries across the
direction of two dimensionality allow inertia to sustain
local differential rotation in nearly 2D structures. We also
single out how the subtle interplay between inertia and the
Lorentz force leads to stationary 3D flows that no model
has foreseen, and to a scale-selective breakdown of two
dimensionality in chaotic flows.

The principle of our experiment follows that of [1] in
which a quasi 2D flow was produced by applying a con-
stant homogeneous magnetic field across a square, shallow
container made of electrically insulating walls and filled
with liquid metal. The flow was termed “quasi 2D” to
reflect its assumed invariance everywhere across the layer
(i.e., along Be,), except in Hartmann boundary layers that
develop along the walls orthogonal to the field, called
Hartmann walls. Unlike this earlier experiment aimed at
quasi 2D flows, our container is not shallow, but cubic with
inner edge L(=/,) = 0.1 m, so as to feature longer two-
dimensionalization times 7,p and thereby obtain 3D flows.
The homogeneous field is directed along e, too, so the two
Hartmann walls are parallel to the (e,, e,) plane. The flow
entrainment relies on the MHD equivalent of the tornado
mechanism: in the same way these are triggered by a
vertical flow due to ocean evaporation, columnar vortices

© 2010 The American Physical Society
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of rotation axis e, are driven in MHD flows by injecting
electric current locally at one Hartmann wall only. 100
current injection electrodes are thus mounted flush at the
bottom Hartmann wall only, with all or 16 of them, ar-
ranged in a 10 X 10 or 4 X 4 square lattice of step L; =
0.1L or L; = 0.3L, alternately connected to either pole of a
dc current generator. Hence, our base quasi 2D flow, ob-
tained for low current and high magnetic field, is a square
array of 100 or 16 cylindrical, quasi 2D vortices of axis e,
each of size L; X L, that rotate in alternate directions.
Three dimensionality is monitored by measuring the elec-
tric potential ¢ at two sets of 121 points, covering two
(3 cm)? squares, respectively located on top and bottom
Hartmann walls and aligned exactly opposite each other
along e, [10]. Since the electric potential is known not to
vary across the very thin Hartmann layers, a quasi 2D flow
would yield identical measurements on these two sets,
while any difference between the two would betray 3D
behavior. Furthermore, with the electric potential at
a wall being proportional to the stream function just out-
side the Hartmann layer [11], our system provides a direct
visualization of the flow patterns near either Hartmann
walls. This allows us to visually identify quasi 2D struc-
tures. The flow is controlled by the injected current per
electrode / (measured nondimensionally by a Reynolds
number Re® = 2I/[7v(opv)/2]) and by the externally
imposed magnetic field intensity, measured by the
Hartmann number Ha = LB[a/(pv)]"/2. We track three
dimensionality in established flows of increasingly high
Re? in the interval [0, 1.3 X 10°], for fixed values of Ha in
[1092, 18220].

Regions of steady and unsteady flow regimes in the (Ha,
Re?) plane are reported on the stability diagram for L; =
0.1L on Fig. 1. A region of high magnetic field (Ha =
7500) and a region of low magnetic field (Ha < 7500)
clearly stand out. The physics of highest magnetic field
regimes is essentially dominated by the very small values
of 7;, so that even our highest forcing produced a flow
where all vortices had a turnover time 7 (1) > 7op(1)).
Corresponding flow patterns near the top and bottom
Hartmann walls are identical at all times, which establishes
their quasi two dimensionality [Figs. 1(a) and 1(b)]. In
such flows, hardly any electric current remains in the
bulk and the Lorentz force essentially acts on the flow by
controlling the thickness of the Hartmann boundary layers
Sua = L/Ha. These, in turn, exert a friction of character-
istic time 75 = 7;Ha on all quasi 2D flow structures [2].
Since 7y is Ha times longer than 7;, the flow stability is de-
termined by 75 /7. Indeed, it can be seen from Fig. 1 (top)
that when the parameter R, = Re/Ha = 7 /7y(L;) ex-
ceeds the same critical value of Re/Ha = 0.164 for all
Ha = 7500, then 2D inertia destabilizes the array of alter-
nately rotating vortices [Fig. 1(a)] into periodically oscil-
lating quasi 2D vortex pairs [Fig. 1(b)]. For higher Re?, the
flow becomes chaotic, and even turbulent, but still remains
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FIG. 1 (color online). Top: stability diagram giving critical
Reynolds numbers Re!(Ha), Re(Ha) and ReY,(Ha) vs. Ha and
snapshots of iso-¢ lines, at the bottom and top Hartmann walls at
Re’ < ReY and Re” = Re! for Ha = 1.458.10%, for which the
flow is quasi 2D. Bottom: magnification of the top diagram in the
low Ha region and snapshots of iso-¢ lines, at the bottom and top
walls at Ha = 1822, for which the flow is 3D.

quasi 2D. This same instability and subsequent chaotic
regimes were observed by [1] in a shallow container, but
our results prove that the structures the author identified
were indeed quasi 2D.
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The above scenario changes significantly at lower fields
(Ha < 7500), for which 7,p(L;) is of the order of 7,(L;),
even at low forcing. The first visible consequence is that
although the steady base flow patterns near the bottom and
top walls remain topologically identical, the flow is less
intense near the top wall [Fig. 1(c)], implying that each
columnar vortex in the array undergoes some differential
rotation. We call weak this first manifestation of three
dimensionality, as the structures it affects still extend
from the bottom to the top wall without disruption of
iso-¢ surfaces. Iso-¢ contours in different (e,, e,) planes
along Be, are therefore homothetic. In fact, this phenome-
non appears progressively when inspecting base flows from
high to low values of Ha. In the intermediate range 3500 <
Ha < 7500, periodically oscillating vortex pairs still ap-
pear at Re® = Ref(Ha), even though each of them is sub-
ject to differential rotation. A further novelty in this range
of fields is that the flow stabilizes again when Re® =
Rel(Ha) > Re?(Ha). This second steady regime is made
of weakly 3D, steady vortex pairs. It destabilizes again as
oscillating vortex pairing resumes much more erratically at
Re = Re¥;(Ha) > Re! (Ha).

Until now, weak MHD three dimensionality had only
been predicted theoretically and numerically by [3,12], but
not observed experimentally. These authors proved that 2D
inertia-induced electric eddy currents between Hartmann
layers and the bulk, that caused differential rotation and led
columnar vortices to assume a 3D barrel-like shape. Weak
three dimensionality is therefore a direct consequence of
the presence of Hartmann walls.

Not unsurprisingly, three dimensionality manifests itself
most spectacularly at the lowest magnetic field (Ha =
1822), where 7, is highest. Compared to the intermediate
field range, the pairing process at Re® = Re! is only ap-
parent on the top wall where the top end of vortices merge,
while their bottom ends remain disjoint and nearly steady
in the vicinity of the bottom wall [Fig. 1(d)]. This topo-
logical difference between flows near top and bottom
Hartmann walls implies that vortices merge only partially
across the container, as their reconnection does not take
place everywhere along e,. We term this type of three
dimensionality as strong, as opposed to the weak one, as
it implies a disruption of iso-¢ surfaces along e, and the
flows in different (e,, e,) planes are not topologically
equivalent anymore. Strong three dimensionality becomes
even more blatant when the flow restabilizes at Re® = Re?,.
In this second steady regime, while the 10 X 10 array of
vortices is still visible near the bottom wall, it connects in
the bulk to a quite regular array of 5 X 5 alternately rotat-
ing vortices, visible near the top wall [Fig. 1(e)]. At Re? =
Re,, this flow destabilizes again through periodic oscilla-
tions that become chaotic at slightly supercritical forcing.

Unlike weak three dimensionality, strong three dimen-
sionality appears through partial vortex pairing, a mecha-
nism that is not a priori related to the presence of

Hartmann walls. This second effect, and the even more
spectacular fact that it can lead to steady 3D vortex arrays
had not been predicted theoretically, so its dynamics now
calls for theoretical analysis in MHD and other 2D flows.

We now turn our attention towards the last unsteady
regime (Re” >ReY, for Ha = 7500 and Re®>Re! for
Ha > 7500), where we shall quantify the presence of
weak and strong three dimensionality. Since flow visual-
izations are not as revealing in these regimes, we shall
instead analyze the correlations of the fluctuations of elec-
tric potential gradients 9,¢’ around their time average,
between pairs of measurement points aligned opposite
each other on bottom and top Hartmann walls (denoted
by subscripts b and ¢, respectively). Weak and strong three
dimensionality are identified by comparing two types of
correlations

3T, 0,85(00,¢10)
1 5

VEL 0, 0RO XL 9,02(1)
o = Zino 9y 8,090,611

c

’ o dydp0)

where 7 is the duration of our recorded signals. Values of
C} below unity reflect strong three dimensionality only,
while C} differs from unity whenever either weak or strong
three dimensionality is present. To assess the link between
inertia and three dimensionality, we have plotted the var-
iations of spatial averages (C}) and (C}) against the rrue
interaction parameter N, = 7, /7p(L;) [13], that mea-
sures the relative influence of Lorentz to inertial forces in
vortices at the injection scale (7,, = L;/Ugys 18 a turnover
time built on a typical RMS of velocity fluctuations
Urms = ((9,¢},)fMS)/B, as in [10]). First, the fact that
all our measurement points collapse into two single curves
(C})(N,) and (C5)(N,) proves that the three dimensionality
we detect is exclusively of inertial nature. Second, since
(C5)(N,) <{C')(N,) for all N,, weak three dimensionality
is always present, albeit in minute amounts at high B. This
supports [3]’s theoretical prediction that the barrel ef-
fect exists whenever inertia is present in the flow, and
vanishes at high N,. Also, the increase of correlations
with N, is in line with [14] who found analytically that in
the absence of inertia, the correlation length along the field
increased with B.

More light is shed on the precise variations of (C/)(N;)
and (C5)(N,) by inspecting the power spectral density from
signals acquired at points aligned opposite each other on
either Hartmann walls, and corresponding snapshots of the
flow patterns on Figs. 2(a)-2(d). In the high N, regime
where (C5) <(C}) =<1, both spectra overlap over the
whole frequency spectrum: the dynamics of vortices of
all sizes is therefore 2D to a very good approximation.
[Fig. 2(d)].
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FIG. 2 (color online). Top: Spatially averaged correlations
(C}) and (C%) vs. true interaction parameter N,. Bottom: snap-
shots of iso-¢ lines, (a)—(d) and corresponding power spectral
density of 9,¢(x, y, 7) at bottom (red) and top walls (green).

The sharp drop of both correlations at intermediate N, is
initiated by a loss of energy in the smaller scales near the
top wall [Fig. 2(c)]. Structures of the corresponding size
are generated near the bottom wall but because of their
large aspect ratio L/I, the Lorentz force takes a longer
time 7,p(/ ) to diffuse their momentum up to the top wall,
than it does for larger structures. When this time exceeds
their turnover time 7;(/, ), inertial effects disrupt them
before they can reach the top wall, so they become 3D.
Larger vortices, on the other hand, have a smaller aspect
ratio, a shorter 7,p(/;), so they remain essentially
quasi 2D. A cutoff scale, identified by a frequency f.(N,)
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FIG. 3. Cutoff frequency f., normalized by the large scale
eddy turnover frequency T;,l, vs N,.

We have calculated f. precisely, by seeking the maxi-
mum of the function g(f,) = (C}(f,)). obtained by apply-
ing a low-pass filter of variable cutoff frequency f, to
d,¢), (1) when calculating C'. Figure 3 shows that for
both L;=0.1L and L,=0.3L, f, satisfies f.=
177 ' NP7 to a great precision, over the whole range of
control parameters Ha and Re”. This general law gives a
clear estimate for the minimum frequency of vortices that
are affected by 3D inertial effects, in the spirit of the
heuristic law ksp N} & given by [2] for the minimum
transverse wavelength of 3D vortices. Furthermore, since
this scale-selective breakdown process depends on 7, and
Top only, a similar law should hold in other flows with a
tendency to two dimensionality, albeit with a different
expression of 7,p.
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